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TAU SIGNATURES AND CHARACTERS OF WEYL GROUPS
THOMAS FOLZ-DONAHUE, STEVEN GLENN JACKSON, TODOR MILEV,
AND ALFRED G. NOE¨L
Abstract. Let GR be the set of real points of a complex linear reductive
group and Gˆλ its classes of irreducible admissible representations with infini-
tesimal integral regular character λ. In this case each cell of representations is
associated to a special nilpotent orbit. This helps organize the corresponding
set of irreducible Harish-Chandra modules. The goal of this paper is to is to
describe algorithms for identifying the special nilpotent orbit attached to a cell
in terms of descent sets appearing in the cell.
1. Introduction
Let g be a complex reductive Lie algebra with adjoint group G and Weyl group
W . This paper describes a simple algorithm by which one can read off the complex
nilpotent orbit associated with a cell representation of W - provided that W is of
classical type.
Given any representation V of W we define the sign signature of V
SignSig V
to be the set of all parabolic subgroups P ⊆ W (relative to a fixed simple basis)
such that V|P contains a copy of the sign representation of P . The sign signature
depends only on the conjugacy class of P .
For W of classical type, we show that the irreducible representations of W are
determined by their sign signatures, and we give a simple algorithm by which one
can use the sign signature to find the partition or partition-pair indexing a given
irreducible representation.
Moreover, the τ-signature of a cell representation C of W coincides with that of
its unique special subrepresentation, and can also be identified with the collection
of all parabolics P such that the simple roots of P are contained in some τ-invariant
of the cell. Combining this with the Springer correspondence, we obtain a simple
method which computes the nilpotent orbit associated with the cell directly from
the τ -invariants.
Key words and phrases. Weyl Groups Representations, Lie Groups, Sign Signatures, Special
Nilpotent Orbits, W-Graphs.
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Our algorithms for recovering irreducible representations from sign signatures
are summarized in Theorems 3.1, 4.1, 5.1. We hope these algorithms will help to
facilitate the practical implementation of the theory.
The parametrization of irreducible representations using sign signatures fails for
the exceptional Weyl groups. In G2, it is possible to find two different irreducible
representations of W with the same sign signature. In order to distinguish all
irreducible representations, we propose the notion of extended sign signature. Given
any representation V of W we define the extended sign signature of V to be the set
of all subgroups G ⊆ W generated by additively closed root subsystems such that
V |G contains a copy of the sign representation of G. We show that the extended
sign signature determines uniquely the irreducible representations of W (Theorem
7.7).
2. Weak W -Graphs and τ-invariants
In this section we fix notation and collect some basic facts. Let W be a Weyl
group, let ∆ be a set of simple roots. For any root α of W , denote by sα the
reflection in the hyperplane orthogonal to α.
Definition 2.1. A Weak W-graph is a triple Γ = (V,m, τ), where V is a finite set,
m is a map from V × V into C, and τ is a map from V into the power set of ∆,
such that the linear transformations sα : CV → CV given by the formula
sα(v) =


−v if α ∈ τ(v)
v −
∑
α∈τ(u)
m(u, v)u if α 6∈ τ(v)
define a representation of W on CV . The τ-invariant of Γ is the image of the
function τ , i.e. the set {τ(v)|v ∈ V }.
Remark 2.2. Note that our definition of weak W-graph is not quite the same as
that of W-graph as it appears in Kazhdan and Lusztig 1979 paper on Representa-
tions of Coxeter groups and Hecke algebras, Ivent. Math 53 , 165-184.
Example 2.3. The Coxeter graph of W , labeled tautologically, is a weak W-
graph. More precisely, take V = ∆ and put τ(α) = {α}, where m(α, β) is the
element Cartan matrix m(α, β) = 2 (α,β)(α,α) of W . Then Γ = (V,m, τ) is a weak W-
graph whose associated representation is isomorphic to the defining representation
of W .
Remark 2.4. The name τ-invariant will be justified by Corollary 2.11.
Now let A be any subset of ∆, and define W (A) to be the subgroup generated
by {sα|α ∈ A}. The elements of the group algebra C[W ] defined by
Q(A) =
1
|W (A)|
∑
g∈W (A)
g
R(A) =
1
|W (A)|
∑
g∈W (A)
(sgn(g))g
act on any finite-dimensional W -module by projection onto the sign and trivial
components, respectively, of the restriction to W (A).
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For a given weak W-graph Γ = (V,m, τ), we decompose V as the disjoint union
of the following three subsets:
V (A,−) = {v ∈ V |A ⊆ τ(v)}.
V (A, 0) = {v ∈ V |A ∩ τ(v) 6= ∅ and A 6⊆ τ(v)}
V (A,+) = {v ∈ V |A ∩ τ(v) = ∅}
Proposition 2.5. The subspaces of CV spanned by V (A,−) and by V (A,−) ∪
V (A, 0) are W (A)-stable.
Proof. It follows immediately from Definition 2.1 that W (A) acts by the sign char-
acter on the span of V (A,−). To see that the span of the union is W (A)-stable,
note that the union is {v|A∩τ(v) 6= ∅} and appeal once more to Definition 2.1. 
Proposition 2.6. The kernel of Q(A) on CV is precisely the span of V (A,−) ∪
V (A, 0).
Proof. Suppose v belongs to the union and choose α ∈ A ∩ τ(v). Let X be a set of
representatives for the coset space W (A)/ 〈sα〉, so that W (A) is the disjoint union
of X and Xsα. Then we have
Q(A)(v) =
1
|W (A)|
∑
g∈W (A)
g(v)
=
1
|W (A)|

∑
g∈X
(g(v) + gsα(v))


= 0.
where the last equality follows because α ∈ τ(v), hence sα(v) = −v.
On the other hand, if v ∈ V (A,+) then it follows from Definition 2.1 and Propo-
sition 2.5 that Q(A)(v) = v + u where u lies in the span of V (A,−) ∪ V (A, 0).
Consequently no non-zero element of the span of V (A,+) can map to zero under
Q(A). 
Corollary 2.7. Let Γ = (V,m, τ) be a weak W-graph. Then CV contains a trivial
representation for W (A) if and only if A ∩ τ(v) = ∅ for some v ∈ V .
Proof. It follows immediately from Proposition 2.6 that the multiplicity of the
trivial representation equals the cardinality of V (A,+). 
Proposition 2.8. The image of R(A) in CV is precisely the span of V (A,−).
Proof. If v ∈ V (A,−) then, by Definition 2.1, R(A)(v) = v. Hence the span
of V (A,−) is contained in the image of R(A). But R(A) is idempotent, so for
equality it suffices to show that trV (R(A)) equals the cardinality of V (A,−).
Suppose that v 6∈ V (A,−), and choose α ∈ A − τ(v). Choose a set X of coset
representatives for 〈sα〉 \W (A), so that W (A) is the disjoint union of X and sαX .
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For any g ∈ X , write g(v) =
∑
w∈V cg,ww. Then
R(A)(v) =
1
|W (A)|
∑
g∈W (A)
sgn(g)g(v)
=
1
|W (A)|
∑
g∈X
(sgn(g)g(v) + sgn(sαg)sα(g(v)))
=
1
|W (A)|
∑
g∈X
∑
w∈V
cg,w sgn(g)(w − sα(w))
=
1
|W (A)|
∑
g∈X
sgn(g)

 ∑
α∈τ(w)
2cg,ww +
∑
α6∈τ(w)
cg,w
∑
α∈τ(u)
m(u,w)u


which lies in the span of {w ∈ V |α ∈ τ(w)}. Since v lies outside this set, it makes
no contribution to the trace of R(A). Combined with the observations of the first
paragraph, this proves the result. 
Corollary 2.9. Let Γ = (V,m, τ) be a weak W-graph. Then CV contains a sign
representation for W (A) if and only if A ⊆ τ(v) for some v ∈ V .
Proof. It follows immediately from Proposition 2.8 that the multiplicity of the sign
representation equals the cardinality of V (A,−). 
Theorem 2.10. The following are equivalent:
(1) There is some v ∈ V for which A = τ(v),
(2) The operator Q(∆−A)R(A) is nonzero on CV ,
(3) The trace of Q(∆−A)R(A) is nonzero on CV ,
(4) The trace of R(A)Q(∆−A) is nonzero on CV .
Proof. By 2.8, the image of R(A) is the span of the set {v ∈ V |A ⊆ τ(v)}. But
by Proposition 2.6, Q(∆ − A) is non-cacheable-zero only on V (∆ − A,+) = {v ∈
V |τ(v) ⊆ A}. Hence the composition Q(∆ − A)R(A) is nonzero if and only if
τ(v) = A for some v, and the formula for Q(∆−A) given in the proof of Proposition
2.6 shows that the trace of Q(∆−A)R(A) is precisely the number of such v. Finally
note that trV (R(A)Q(∆ −A)) = trV (Q(∆−A)R(A)). 
Corollary 2.11. If Γ1 = (V1,m1, τ1) and Γ2 = (V2,m2, τ2) are such that CV1
and CV2 are isomorphic representations of W , then Γ1 and Γ2 have the same τ-
invariant.
Proof. The statement follows from the fact that elements of the group algebra C[W ]
act with the same trace on isomorphic representations. 
The τ -invariants are therefore invariants of representations. Corollaries 2.9 and
2.11 suggest the investigation of invariant objects simpler than the τ -invariants.
Theorem 2.12. Let W be a Weyl group of classical type. Then the irreducible
representations of W are in a one-to-one correspondence with their sign signatures.
The proof of the theorem is done case by case in Sections 3, 4 and 5. More
precisely, in Propositions 3.8, 4.11 and 5.12 we show how to compute the multiplicity
of the sign component of an irreducible representation of W when restricted to a
parabolic subgroup. In each case we show how to reverse the procedure, i.e., how
to recover an irreducible representation of W from its sign signature.
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Theorem 2.12 fails for the exceptional Weyl groups. However, if we allow ex-
tended sign signatures (with respect to additively closed root subsystems) instead
of sign signatures, Theorem 2.12 has a direct generalization valid for arbitrary Weyl
groups. We carry out this generalization in Theorem 7.7.
3. Type A
This case seems to have been treated by A. Young. A modern account is found
in I. G. Macdonald [10]. We give a proof only to make Theorem 2.12 self-contained.
From the standpoint of recovering irreducible representations from sign signa-
tures, the results in this section can be summarized as follows.
Theorem 3.1. Let V = Vλ∗ be an irreducible representation of An−1, where λ
∗ is
the partition dual to the partition λ. Then λ is the lexicographically largest partition
such that Pλ belongs to the sign signature of V , where Pλ is the parabolic subgroup
corresponding to λ.
This is a direct corollary of Proposition 3.11 below. Details on the notation used
in Theorem 3.1 can be found in the rest of this section.
3.1. Preliminaries and notation.
3.1.1. Preliminaries: Young tableaux. In this subsection, we recall some facts and
notations about Young tableaux [7].
We denote tuples of non-negative numbers by
λ = (λ1, . . . , λk).
Given tuples of non-negative numbers λ, µ, denote by λ ⊕ µ the concatenation of
the two tuples, i.e., the tuple obtained by writing the entries of λ first, followed by
the entries of µ. As usual, define the sum α + β as (λ1 + µ1, . . . , λk + µk), where
λi, µi denote the i
th entries or 0 if the corresponding tuple has fewer than i entries.
Denote by |λ| the sum of the entries of λ, i.e.,
|λ| =
k∑
j=1
λj .
We say that a tuple
λ = [λ1, λ2, . . . , λk],
is a partition if λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0. We adopt the convention that the use of
[]-brackets around the entries of λ implies that λ is a partition. We say that λ is a
partition of n if |λ| = n.
A partition λ is usually depicted as a “shape” obtained by stacking a row of λk
boxes in the bottom, λk−1 boxes on top it, and so on, as indicated in Table 1.
Let λ∗ be the partition obtained by transposing the boxes of the partition λ. In
other words, if λ = [λ1, . . . , λk], then
λ∗ = [k, . . . , k︸ ︷︷ ︸
λk times
, k − 1, . . . , k − 1︸ ︷︷ ︸
λk−1−λk times
, . . . , 1, . . . , 1︸ ︷︷ ︸
λ1−λ2 times
].
A labeling of boxes in the shape of λ with the numbers v1, . . . , vn, n = |λ| as
indicated in Table 2 is called a numbering of shape λ. We say that a numbering has
content (p1, . . . , pk) with
∑
pk = n if the labels consist of p1 1’s, p2 2’s, and so on.
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Table 1. Shapes and skew shapes.
Shape λ Shape µ Shape λ/µ
λ1 boxes
λ2 boxes
...
...
λl boxes
...
...
λk boxes
µ1 boxes
µ2 boxes
...
...
µl boxes
λ1 − µ1 boxes
λ2 − µ2 boxes
...
...
λl − µl boxes
...
...
λk boxes
A numbering of shape λ is a semi-standard Young tableau if it has the following
property.
• The numbers appearing in each row are non-decreasing and the numbers
appearing in each column are strictly increasing.
Table 2. (v1, . . . , vn)-numbering of shape λ
v1 . . . vλ1 λ1 boxes
...
...
. . . vq λn boxes
Let λ be a partition with k entries and µ be a partition with l entries. Suppose
in addition k ≥ l and λj ≥ µj for all allowed indices j. Define the skew shape
λ/µ as the k-tuple (λ1−µ1, . . . , λl−µl, λl+1, . . . , λk). Skew shapes are depicted as
shown in Table 1.
If the skew shape λ/µ is defined, we recall that a labeling of boxes in the skew
shape of λ/µ with the numbers v1, . . . , vb, b = |λ| − |µ| as illustrated in Table 3, is
called a numbering of a skew shape λ/µ. Just as with non-skew shapes, we say that
a numbering of a skew shape λ/µ has content (p1, . . . , pk) with
∑
pk = |λ| − |µ| if
the labels consist of p1 1’s, p2 2’s, and so on.
In analogy with semi-standard Young tableaux, we say that a numbering of a
skew shape is a skew-tableau of shape λ/µ if it has the following property.
• The numbers in the same row are non-decreasing and all numbers in the
same column are strictly increasing and all numbers appearing .
Table 3. (v1, . . . , vb)-numbering of skew shape λ/µ.
vb−1 vb λ1 − µ1 boxes
vb−2 λ2 − µ2 boxes
...
...
vj λl − µl boxes
...
...
v1 λk boxes
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We say that skew-tableau of shape λ/µ is a Littlewood-Richardson skew-tableau
if it has in addition the following property.
• The b-tuple (v1, . . . , vb) is a Yamanuchi word, i.e., for any index s, the
sequence vb, vb−1, . . . , vs contains at least as many 1’s as it does 2’s, at
least as many 2′s as it does 3’s, and so on for all positive integers.
3.1.2. Preliminaries: branching laws and tableaux. In this section, we set g = gln,
i.e., the set of n×n matrices. Then the Weyl group W is the symmetric group Sn.
The parabolic subgroups of W are then given by
(3.1) P(p1,...,pk) = Sp1 × · · · × Spk .
where pj ≥ 1,
k∑
j=1
pj = n, and each factor-group Spj is embedded in Sn as the
permutations of the consecutive indices {a+ 1, a+ 2, . . . , a+ pj}, where a =
j−1∑
i=1
pi.
It is well-known that the irreducible representations of W = Sn are in a one-
to-one correspondence to the partitions of n. We denote by Vλ the irreducible
representation corresponding to the partition λ = [p1, . . . , pk] and by SignSn the
representation
SignSn = V[1,...,1].
As the notation suggests, SignSn is the sign (determinant) representation of Sn.
The objective of this section is to prove that an irreducible representation V of
Sn is determined by the collection of those parabolic subgroups P for which the
restriction of V down to P contains a sign representation. We will later need the
following well-known observation, which we recall without proof.
Lemma 3.2.
Vλ ⊗ SignSn ≃ Vλ∗
Let
P = P(a,b) = Sa × Sb ⊂ Sn,
a+b = n, a, b ≥ 1 be a parabolic subgroup of Sn realized as in (3.1). The Littlewood-
Richardson coefficient cλµ,ν is defined as the multiplicity of the P -module Vµ ⊗ Vν
in the restriction of Vλ down to a P -module. In other words, c
λ
µ,ν is defined via the
P -module isomorphism
(3.2) Vλ|P ≃
⊕
|µ|=a
|ν|=b
cλµ,νVµ ⊗ Vν .
The main technical tool used in this section is the following well-know theorem.
Theorem 3.3 ([11, Theorem 4.9.4]). The Littlewood-Richardson coefficients cλµ,ν
defined by (3.2) are computed via
(3.3) cλµ,ν =


number of Littlewood-Richardson tableaux
of shape λ/µ and content ν
if λ/µ is defined
0 otherwise.
This theorem implies the following.
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Corollary 3.4 (Pieri rule for Sn). Let π = [1, . . . , 1︸ ︷︷ ︸
b times
]. Then cλµ,π equals 0 or 1 with
1 achieved if and only if the skew shape λ/µ has at most one box per row.
Proof. A skew-tableau (v1, . . . , vb) of skew shape λ/µ has content π = [1, . . . , 1]
if the set {v1, . . . , vb} consists of the numbers 1, 2, 3, . . . , b. The Yamanuchi word
requirement for a Littlewood-Richardson skew tableau implies that a Littlewood-
Richardson tableau of skew shape λ/µ and content π = [1, . . . , 1] is given by
(v1, . . . , vb) = (1, 2, . . . , b). Finally the requirement that a Littlewood-Richardson
tableau is in fact a tableau, i.e., has increasing entries in each row, forces the skew-
tableau to have at most one box per row.
Conversely, if a skew shape has b boxes with one box per row, then a Littlewood-
Richardson tableau of that shape with content [1, . . . , 1] can be constructed by
setting (v1, . . . , vb) = (1, 2, . . . , b), where the vi’s are the tableau entries from Table
3. 
3.2. Sign representation multiplicities when restricted to parabolic sub-
groups in type A. Let P = P(p1,...,pk) = Sp1 × · · · × Spk ⊂ Sn be a parabolic
subgroup embedded as described in (3.1). Let λ = |n| and Vλ the corresponding
irreducible representation of Sn. For an arbitrary tuple of numbers (p1, . . . , pk),
the Kostka number Kλ,(p1,...,ps) is defined as
Kλ,(p1,...,ps) =
number of semi-standard tableaux
of shape λ and content (p1, . . . , ps).
Proposition 3.5. Kλ,(p1,...,pk) is the dimension of the weight space of weight
(p1, . . . , pk) in the GL(n)-module of highest weight λ.
The following results are needed:
Corollary 3.6. Permutation of the content entries (p1, . . . , pn) does not change
the Kostka number, i.e.,
Kλ,(p1,...,pk) = Kλ,(pσ(1),...,pσ(k)),
for an arbitrary permutation σ.
Lemma 3.7. Let p be a positive number and let π be the partition π = [1, . . . , 1︸ ︷︷ ︸
p times
].
Let µ be an arbitrary partition and (p1, . . . , ps) be an arbitrary s-tuple of numbers.
Then
(3.4) Kµ∗,(p1,...,ps,p) =
∑
|σ|+p=|µ|
cµσ,πKσ∗,(p1,...,ps)
Proof. A semi-standard tableau of content (p1, . . . , ps) and shape σ can be extended
to a semi-standard tableau of content (p1, . . . , ps, p) in as many ways as we can add
p boxes to σ (while keeping the result a shape) without adding two boxes in the
same column. Indeed, this follows from the fact that all new boxes must be labeled
with s + 1 and therefore cannot be added to the same column, and there are no
further restrictions as s+1 is the largest number appearing in the newly constructed
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tableau. Therefore
Kµ∗,(p1,...,pk) =
=
∑
content(σ∗)
=(p1,...,pk−1)
Kσ∗,(p1,...,pk−1)

 # ways to extend σ∗ to µ∗using at most one extra
box per column


=
∑
content(σ∗)
=(p1,...,pk−1)
Kσ∗,(p1,...,pk−1)

 # ways to extend σ to µusing at most one extra
box per row


=
∑
content(σ∗)
=(p1,...,pk−1)
Kσ∗,(p1,...,pk−1)c
µ
σ,π. Cor. 3.4

Given a parabolic subgroup R ⊂ Sn, let SignR denote the sign representation
of R. Recall that in the notation of this section, P = P(p1,...,pk) = Sp1 × · · · × Spk .
Proposition 3.8. The multiplicity dimHomP (SignP, Vλ) of the sign representa-
tion of P in Vλ is given by
dimHomP (SignP, Vλ) = Kλ∗,(p1,...,pk),
where (p1, . . . , pk) is a tuple of positive integers.
Proof. The proof will be carried out by induction on k, i.e., on the number of factors
of P .
In the base case, we have k = 1, P = Sn and (p1, . . . ) = (n). The Kostka number
Kλ∗,(n) now measures the number of semi-standard Young tableaux numberings of
the shape λ∗ that only use the number 1. A semistandard Young tableaux has
strictly increasing numbers in each column and therefore Kλ∗,(n) can be non-zero
only if λ∗ consists of a single row. Now the base case follows from the fact that
the sign representation of P = Sn has non-zero multiplicity only when the original
irreducible module is the sign representation of Sn, i.e. λ = [1, . . . , 1].
Suppose we have shown our statement by induction for up to k − 1 factors. Set
Q = Sp1 × · · · × Spk−1 .
The product Q embeds with an embedding of the form (3.1) in Sn−pk . Furthermore
Sn−pk ×Spk is again a parabolic subgroup of the form (3.1), i.e., we have the chain
of embeddings
Q →֒ Sn−pk →֒ Sn−pk × Spk →֒ Sn.
The rest of the proof is a computation that combines the induction hypothesis
with the combinatorics in Lemma 3.7.
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dimHomP (SignP, Vλ)=dimHomP

SignP, ⊕
|σ|=n−pk
|ν|=pk
cλσ,νVσ ⊗ Vν

 use(3.2)
=
∑
|σ|=n−pk
|ν|=pk
cλσ,ν dimHomP (SignP, Vσ ⊗ Vν)
=
∑
|σ|=n−pk
|ν|=pk
cλσ,ν dimHomQ×Spk (SignQ⊗ SignSpk ,
Vσ ⊗ Vν)
=
∑
|σ|=n−pk
|ν|=pk
cλσ,ν dimHomQ (SignQ, Vσ)
dimHomSpk (SignSpk , Vν)
=
∑
|σ|=n−pk
cλσ,νKσ∗,(p1,...,pk−1) ind. hyp.
=Kλ∗,(p1,...,pk),
use
(3.4)
which completes our induction step and the proof of the theorem. 
3.3. Recovering representations from sign multiplicities in type A.
Theorem 3.9. Let V = Vλ∗ be an irreducible representation of An−1. Then λ is
the lexicographically largest partition such that Pλ belongs to the sign signature of
V .
Proof. This is Proposition 3.11. 
The sign signature of a representation V is the set of parabolic subgroups P such
that dimHomP (SignP, V ) > 0.
Proposition 3.10. For λ 6= µ the Sn- representations Vλ and Vµ have different
sign signatures.
Proof. Suppose the first different entry of λ and µ is larger for λ. Then Kλ∗,λ∗
equals 1 and Kµ∗,λ∗ equals 0. Proposition 3.8 implies that parabolic subgroup
given by the entries of λ∗ is in the sign signature of Vλ but not in the sign signature
of Vµ. 
Let > be the lexicographic order on partitions. Then λ > µ if λ 6= µ and the
first different entry of λ and µ is larger for λ. We compare partitions with different
number of rows by adding zero entries to the partitions with smaller number of
rows. Let
λ∗1 > λ
∗
2 > · · · > λ
∗
N
be the partitions of n, ordered with respect to the lexicographic order on their
transposes where N is the number of partitions of n.
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Set Pi = Pλi , and let Π be the set of the Pi’s:
Π = {P1, . . . , PN}.
Every parabolic subgroup P is conjugate to one of the Pi’s and so the sign signature
of a representation is determined unambiguously when restricted to Π.
Recall that Vλ stands for an irreducible representation of Sn. The proof of
Proposition 3.10 suggests the following.
Proposition 3.11.
(1) λ is the partition dual to the lexicographically maximal partition in SignSig(Vλ),
in other words,
λ∗ = max
>
{µ∗|µ ∈ SignSig(Vλ)}.
(2) The sign signature SignSig Vλi contains Pi and does not contain P1, . . . , Pi−1.
To recover λ from SignSig(Vλ), we take the dual partitions S = {µ∗|Pµ ∈
SignSig(Vλ)}, find the lexicographically maximal element of S, and take its dual.
Let C[Π] be the formal vector space generated freely over C by the elements of
Π. In other words, an element of C[Π] is a formal sum of the form
∑
σ
aσPσ, where
aσ are arbitrary complex numbers and σ runs over the partitions of n.
Definition 3.12. Given a representation V , define sgnMult(V ) ∈ C[Π] as the
formal sum
sgnMult(V ) =
∑
|σ|=n
dimHomPσ (SignPσ, V )Pσ ,
where σ runs over the partitions of n.
In the terminology of Definition 3.12, Proposition 3.11 can be restated as follows.
Order the representations Vλ in the order Vλ1 , Vλ2 , . . . given by λ
∗
1 < λ
∗
2. Then the
matrix formed by the coordinates aν of the irreducible representations Vλ, form
a triangular matrix with non-zero diagonal entries. Linear algebra implies the
following.
Corollary 3.13.
(1) The vectors sgnMult(Vλ) obtained by letting Vλ run over the set of irre-
ducible representations of Sn are linearly independent.
(2) sgnMult(V ) = sgnMult(U) if and only if V ≃ U .
(3) The matrix (dimHomPσ (SignPσ, Vλ))σ,λ is square and has non-zero deter-
minant.
Hence, up to isomorphism, an arbitrary representation V can be identified with
the tuple (dimHomPσ (SignPσ, V ) , . . . )σ, where σ runs over the partitions of n.
To recover the multiplicities of each irreducible constituent of V from sgnMultV ,
one multiplies the vector-column (dimHomPσ (SignPσ, V ) , . . . )σ on the left by the
inverse of the matrix given in Corollary 3.13.3).
4. Types B and C
In type A, we characterized an arbitrary representation V via the multiplicities
of the sign representation of the parabolic subgroups. For an irreducible represen-
tations in type B, we give a similar characterization in Corollary 4.3. This in turn
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implies an algorithm for recovering irreducible representations from sign signatures
given in Corollary 4.15. A short rephrasing of this corollary is given in the following.
Theorem 4.1. Let V = Vλ∗,µ∗ be an irreducible representation of Bn. Then λ and
µ can be computed from the sign signature of V as follows:
(1) Let α = (α1, . . . , αk) be the lexicographically largest partition such that Pα,∅
belongs to the sign signature of V .
(2) For each i between 1 and k, let β(i) =
(
β
(i)
1 , . . . , β
(i)
ki
)
be the lexicograph-
ically largest partition such that P(
β
(i)
1 ,...,β
(i)
i−1,β
(i)
i+1,...,β
(i)
ki
)
,
(
β
(i)
i
) lies in the
sign signature of V .
(3) Then λ =
(
β
(1)
1 , . . . , β
(k)
k
)
and µ = α− λ.
Details on the notation used in Theorem 3.1 can be found in the rest of this
section.
This characterization of irreducibles cannot be extended to all representations
in type B where the number of conjugacy types of parabolic subgroups is smaller
than that of irreducible representations.
However, if we replace the set of parabolic subgroups with the set of generalized
parabolic subgroups - i.e, sums of type A and possibly more than one type B factors
- we get a characterization of all representations in type B. Indeed, in Corollary
4.18 we show that the sign multiplicities over the generalized parabolic subgroups
determine up to isomorphism the representations in type B. Of course, this result is
not surprising in view of the fact that generalized parabolics give rise to Macdonald
polynomials and therefore can be used to construct all irreducible representations
of Bn.
We construct general branching rules from Bn over subgroups of the forms Sn
and Bi × Bn−i. Then we extract branching rules of irreducible representations
of Bn down to generalized parabolic subgroups, and we produce formulas for the
multiplicities of the sign representations of such subgroups. Finally, we use these
formulas to characterize representation of Bn via the sign multiplicities.
4.1. Preliminaries and notation. Throughout this section we use the tableaux
notation and terminology fixed in Section 3.
The Weyl groups of type B and C coincide and are denoted by Bn, the semidirect
product,
(4.1) Bn = Sn ⋉ Z
n
2 .
The structure of the semidirect product can be described by the natural represen-
tation of Bn. This is obtained by realizing Sn via its natural representation (the
n× n permutation matrices) and Zn2 as the matrices {diag(±1, . . . ,±1)}. Also we
can think of Bn as the automorphism group of the following graph.
(4.2) a1•
a2
•
. . . an−1
•
an
•
•
b1
•
b2
. . . •bn−1
•
bn
In this model for Bn, the group Z
n
2 is the group consisting of elements that preserve
edges but swap their endpoints.
The parabolic subgroups of Bn are of two types:
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(4.3) P(p1,...,pk),∅ ≃ Sp1 × · · · × Spk
and
(4.4) P(p1,...,pk),(pk+1) = Sp1 × · · · × Spk ×Bpk+1
where
k+1∑
j=1
pj = n. We extend our notation to
(4.5) P(p1,...,pk),(pk+1,...,pl) = Sp1 × · · · × Spk ×Bpk+1 × · · · ×Bpl .
Here, each factor-group Spj is embedded in Sn as the permutation of the con-
secutive indices {a + 1, a + 2, . . . , a + pj}, where a =
j−1∑
i=1
pi, and similarly Bpj
is embedded as the subgroup generated by Spj and the diagonal matrices of the
form diag(1, . . . , 1︸ ︷︷ ︸
a copies
,±1, . . . ,±1︸ ︷︷ ︸
pj copies
, 1, . . . , 1). We call subgroups of the form (4.5) gen-
eralized parabolic subgroups. Generalized parabolic subgroups with more than one
type B factor are not parabolic - indeed, they are the reflection groups generated
by non-additively closed root subsystems (see Definition 7.2 below). Consequently
generalized parabolic subgroups do not in general arise as the Weyl groups of the
Levi parts of parabolic Lie subalgebras.
4.1.1. Preliminaries: the little groups method of Wigner and Mackey. The irre-
ducible representations of a semidirect sum of a finite group with an abelian nor-
mal group are constructed from the irreducible representations of the starting finite
group via the “little groups” method of Wigner and Mackey. For the reader’s con-
venience, we recall the method (with minor modifications in notation) from [12,
§8.2].
Let W be a group of the form G⋉H with H abelian and
X = Hom(H,C∗).
the group of characters of H . Then G acts X via
g(χ)(h) = χ(g−1hg) for h ∈ H,χ ∈ X, g ∈ G.
Let {χi}χi∈X/G be a set of representatives of the orbits of the characters under the
action of G. For each χi denote by Gi the stabilizer of χi in X and let Wi be the
subgroup generated by Gi and H . Thus
(4.6)
Gi = {g|g(χi) = χi}
Wi = Gi ⋉H.
We extend the function χi to Wi by setting
χi(hg) = χi(h) for h ∈ H, g ∈ Gi.
If A is a subgroup of a group B, and a representation of V of A, then IndBA V
denotes the representation of B induced from V .
Theorem 4.2. ([12, Proposition 25, §8.2], Wigner and Mackey’s little groups
method)
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(1) Let V be an irreducible representation of G. Then
IndWWi (V ⊗ χi)
is an irreducible representation of W .
(2) The irreducible representations given in 1) are pairwise distinct and exhaust
the irreducible representations of W .
4.1.2. Preliminaries: the irreducible representations of Bn. The irreducible repre-
sentations of Bn are well known (see for example [2, page 375]). However, it is
in our interest to reinterpret these irreducible representations via the little groups
method of Wigner and Mackey (Section 4.1.1). Assume G = Sn and H = Z
n
2 and
let ǫ1 and ǫ−1 stand respectively for the trivial and the non-trivial character of Z2.
Then the characters X of Zn2 are of the form
ǫ±1 ⊗ · · · ⊗ ǫ±1.
A set X/Sn of orbit representatives of X under the action of Sn is then given by
(4.7) {χi|χi = ǫ1 ⊗ · · · ⊗ ǫ1︸ ︷︷ ︸
i copies
⊗ ǫ−1 ⊗ · · · ⊗ ǫ−1︸ ︷︷ ︸
n−i copies
, 0 ≤ i ≤ n}.
The stabilizer Gi of χi under the action of Sn is the group Si × Sn−i. Under the
natural matrix realization of W = Bn, Sn is the permutation group of the indices
{1, . . . , n} and so the factors of Si × Sn−i are realized as the permutations of the
indices {1, . . . , i} and {i+ 1, . . . , n} giving the the following chain of embeddings
Gi = Si × Sn−i →֒ Sn →֒ Sn ⋉ Z
n
2 = Bn.
Also we have:
(4.8)
Wi = Gi ⋉ Z
n
2
= (Si × Sn−i)⋉ Z
n
2
≃ Bi ×Bn−i.
The set of irreducible representations of Si × Sn−i consists (up to isomorphism) of
the representations Vλ ⊗ Vµ with |λ| = i and |µ| = n − i. Here Vλ and Vµ are the
type A irreducible representations fixed in Section 3.1.2. Theorem 4.2 now yields
the following well-known characterization of the irreducible representations of Bn.
Corollary 4.3. The set of irreducible representations of W = Bn consists (up to
isomorphism) of the (pairwise non-isomorphic) representations
(4.9) Vλ,µ = Ind
Bn
Bi×Bn−i
(Vλ ⊗ Vµ ⊗ χi) ,
where i = |λ| and |λ|+ |µ| = n.
In the above notation, the sign (determinant) representation in type Bn is quickly
seen to be
(4.10) SignBn = V∅,π
where as usual π = [1, . . . , 1︸ ︷︷ ︸
n
] is the partition that corresponds to the sign represen-
tation of Sn, and ∅ denotes the empty partition.
When dealing with the type D case, we will need the following.
Corollary 4.4.
Vλ,µ ⊗ SignBn ≃ Vµ∗,λ∗
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Proof. In the notation of Corollary 4.3, let |λ| = i and |µ| = n− i. By (4.8) SignBn
restricts to the Bi ×Bn−i ≃ Si × Sn−i ⋉ Zn2 -representation, V , given by
V = SignSi ⊗ SignSn−i ⊗ χn.
This implies the Si × Sn−i ⋉ Zn2 -module isomorphism
(Vλ ⊗ Vµ ⊗ χi)⊗ V=(Vλ ⊗ SignSi)⊗ (Vλ ⊗ SignSn−i)⊗ (χi ⊗ χn)
=Vλ∗ ⊗ Vµ∗ ⊗ χ¯n−i, Lemma 3.2
where by χ¯n−i we denote the Z
n
2 -character that acts by −1 on the first i direct
multiplicands of Zn2 and by 1 on the remaining.
The representation above can also be regarded as the Bn−i×Bi ≃ Sn−i×Si⋉Zn2 -
module Vµ∗ ⊗ Vλ∗ ⊗ χn−i. By Corollary 4.3 the module
Vµ∗,λ∗ ≃ Ind
Bn
Bn−i×Bi
(Vµ∗ ⊗ Vλ∗ ⊗ χn−i)
is irreducible and, by the preceding considerations, is isomorphic to
IndBnBi×Bn−i ((Vλ ⊗ Vµ ⊗ χi)⊗ V ) .
On the other hand the latter module is contained in Vλ,µ⊗SignBn and consequently
Vλ,µ ⊗ SignBn contains a sub-module isomorphic to Vµ∗,λ∗ ; since Vλ,µ ⊗ SignBn
is irreducible (because SignBn is one-dimensional) this can hold only if Vλ,µ ⊗
SignBn ≃ Vµ∗,λ∗ . 
4.1.3. Preliminaries: restrictions of induced representations. Let P\W/A of W
stands for the double coset of W , i.e.,
P\W/A = {PgA|g ∈ G}.
Let S be a set of representatives for P\W/A. For s ∈ S, set
(4.11) As = sAs
−1 ∩ P .
An A-module V can be equipped with a structure of an As-module by setting
(4.12) a · v = s−1as(v) for v ∈ V, a ∈ As, s ∈ S.
We denote the so obtained As-module by Vs.
Proposition 4.5. [12, Proposition 22, §7.3] Let V be an A-module. Then we have
the P -module isomorphism(
IndWA V
)
|P
=
⊕
s∈S
IndPAs(Vs).
The following proposition is known as Frobenius reciprocity.
Proposition 4.6. ([12, proof of Theorem 13, §7.2]) Let B < P and let V be a
B-module and U a P -module. Then
(4.13)
dim(HomP (U, Ind
P
B V )) = dim(HomP (Ind
P
B V, U))
= dim(HomB(V, U|B)).
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4.1.4. Preliminaries: branching laws in type B. Let Bi ×Bn−i be the subgroup of
Bn as given in (4.8). Let Vλ,µ be the irreducible module of Bn defined in (4.9),
Vλ stands for irreducible module of Sn, and c
γ
α,β (defined in (3.2)) the Littlewood-
Richardson coefficients (in type A). The branching of the irreducible representa-
tions of Bn over Bk × Bn−k and Sn are known, see for example [13, §2.C]. Never-
theless, we provide more details.
Proposition 4.7.
Vλ,µ|Bk×Bn−k ≃
⊕
|ν|+ |σ|=k
|ξ|+ |ζ|=n− k
cλν,ξc
µ
σ,ζVν,σ ⊗ Vξ,ζ(4.14)
Vλ,µ|Sn ≃
⊕
|λ|+|µ|=|ν|
cνλ,µVν ,(4.15)
where λ, ν, ξ, σ, ζ denote partitions.
Proof. Both formulas will be proved by applying Proposition 4.5 to the modules
Vλ,µ given in (4.9).
Throughout this proof we will use the notation of Section 4.1.3.
Set i = |λ| and A = Wi = Bi × Bn−i. From the graph realization of Bn given
in 4.2 we intepret A as the direct product of the automorphism groups of the two
subgraphs indicated in 4.16.
(4.16) a1• . . .
ai
•
ai+1
•
. . . an
•
•
b1
. . . •bi
•
bi+1
. . . •bn
Bi Bn−i
Proof of (4.15). Set P = Sn. Since Bn = Sn ⋉Z
n
2 = P ⋉Z
n
2 and Z
n
2 ⊂ A it follows
that there is only one double coset Bn = P\Bn/A. Therefore we can choose the
set of double coset representatives to be S = {id}. Then (4.11) becomes
Aid = idA id
−1 ∩P = (Bi ×Bn−i) ∩ Sn = Si × Sn−i.
The rest of our statement for formula (4.15) follows from Proposition 4.5:
Vλ,µ|Sn= Ind
W
A (Vλ ⊗ Vµ ⊗ χi)|Sn
= IndSnAid
(
(Vλ ⊗ Vµ ⊗ χi)id
)
Proposition 4.5
= IndSnSi×Sn−i (Vλ ⊗ Vµ) see (4.12)
=
⊕
|ν|=|λ|+|µ|
(
dimHomSn(Vν , Ind
Sn
Si×Sn−i
(Vλ ⊗ Vµ))
)
Vν
=
⊕
|ν|=|λ|+|µ|
dimHomSi×Sn−i(Vλ ⊗ Vµ, Vν)Vν
Frobenius
reciprocity
(4.13)
=
⊕
|ν|=|λ|+|µ|
cνλ,µVν ,
Littlewood-
Richardson
coeff. (3.2)
as desired.
Proof of (4.14). Set P = Bk ×Bn−k.
Let s′′′ ∈ Bn be an arbitrary element. We will now choose a set of representatives
S for the double coset P\Bn/A by modifying s
′′′ via the actions of P and A to a
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form unique to each double coset. Since Zn2 ⊂ A, using multiplication on the right
via elements of A we can transform s′′′ to an element s′′ in the same double coset
that maps the aj-vertices (and consequently also the bj-vertices) onto themselves.
Among the vertices a1, . . . , ai, let l of them be mapped (non-surjectively) into the
vertices a1, . . . , ak by the action s
′′. It follows that k− l of the vertices ai+1, . . . , an
are mapped into the vertices a1, . . . , ak by the action of s
′′. By multiplying on the
right by elements of Si×Sn−i ⊂ A we can transform s′′ to an element s′ in the same
double coset with the following property: s′ maps the vertices a1, . . . , al into the
vertices a1, . . . , ak and the vertices ai+1, . . . , ai+k−l into the vertices ak+1, . . . , an.
Finally, by multiplying on the left by elements of P = Sk × Sn−k we can transform
s′ to the element sl that lies in the same double coset and is defined via (4.17).
(4.17)
a1
•
. . . al
•
al+1
•
. . . ai
•
ai+1
•
. . . ai+k−l
•
ai+k−l+1
•
. . . an
•
•
a1
. . . •al
•
al+1
. . . •ak
•
ak+1
. . . •ak+i−l
•
ai+k−l+1
. . . •an
sl(a1) = a1
...
sl(al) = al
sl(al+1) = ak+1
...
sl(ai) = ak+i−l
sl(ai+1) = al+1
...
sl(ai+k−l) = ak
sl(ai+k−l+1) = ak+i+1
...
sl(an) = an
0 ≤ l
i− n+ k ≤ l
l ≤ i
l ≤ k
  $$❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
$$❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
uu❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
uu❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
 
In the formulas (4.17) for sl, the “corner” cases such as l = 0 are to be interpreted
in the natural way. For different numbers l, the elements sl lie in different cosets,
and therefore a set of double coset representatives is given by
S = {sl|max(0, i+ k − n) ≤ l ≤ min(i, k)}.
Recall that Asl = slAs
−1
l ∩ P and let
(4.18) Bsl = s
−1
l Asl.
Using (4.17) it follows that
(4.19)
Asl = slAs
−1
l ∩ P = (Sl × Sk−l × Si−l × Sn−i−k+l)⋉ Z
n
2
= Bl ×Bk−l ×Bi−l ×Bn−i−k+l
Bsl = s
−1
l Asl = Sl × Si−l × Sk−l × Sn−i−k+l ⋉ Z
n
2
= Bl ×Bi−l ×Bk−l ×Bn−i−k+l.
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Here, the products of type A factors are realized as the permutation groups of four
groups of consecutive indices. In particular the four factors Sl × Sk−l × Si−l ×
Sn−i−k+l corresponding to Asl permute the four groups of indices appearing in
the second row of figure (4.17), and the four factors Sl × Si−l × Sk−l × Sn−i−k+l
corresponding to Bsl permute the four group of indices appearing in the second
row of figure (4.17).
Let χqp denote the Z
q
2-character ǫ1 ⊗ · · · ⊗ ǫ1︸ ︷︷ ︸
p times
⊗ ǫ−1 ⊗ · · · ⊗ ǫ−1︸ ︷︷ ︸
q−p times
(in this notation,
χi = χ
n
i ). Given a A = Bi × Bn−i-module Vλ ⊗ Vµ ⊗ χi, we have an Bsl -module
isomorphism:
(4.20)
(Vλ ⊗ Vµ ⊗ χi)|Bsl
=(Vλ ⊗ Vµ ⊗ χi)|(Bl×Bi−l)×(Bk−l×Bn−i−k+l)
≃
(
Vλ ⊗ χ
i
l
)
Bl×Bi−l
⊗
(
Vµ ⊗ χ
n−i
k−l
)
|Bk−l×Bn−i−k+l
≃(Vλ)|Sl×Si−l ⊗ χ
i
l ⊗ (Vµ)|Sk−l×Sn−i−k+l ⊗ χ
n−i
k−l
≃

 ⊕
|ν|=l
|ξ|=i−l
cλν,ξVν ⊗ Vξ

⊗ χil ⊗

 ⊕
|σ|=k−l
|ζ|=n−i−k+l
cµσ,ζVσ ⊗ Vζ

⊗ χn−ik−l .
Given an A = Bi × Bn−i-module V , (4.12) equips it with a structure of an
Asl-module denoted by Vsl . The structure of the module Vsl can be recovered only
from the structure of V as a Bsl-module. Now the definition (4.18) of Bsl and the
definition (4.12) of Vsl imply that
(4.21)((
Vν ⊗ Vξ ⊗ χ
i
l
)
⊗
(
Vσ ⊗ Vζ ⊗ χ
n−i
k−l
))
sl
≃
(
Vν ⊗ Vσ ⊗ χ
k
l
)
⊗
(
Vξ ⊗ Vζ ⊗ χ
n−k
i−l
)
,
where |ν| = l, |ξ| = i− l, |σ| = k− l, |ζ| = n− i− k+ l. Finally we can compute the
Asl-module isomorphism:
(4.22)
(Vλ ⊗ Vµ ⊗ χi)sl≃



⊕
|ν|=l
cλν,ξVν ⊗ Vξ

⊗ χil ⊗

 ⊕
|σ|=k−l
cµσ,ζVσ ⊗ Vζ

⊗ χn−ik−l


sl
use
(4.20)
≃
⊕
|σ|=k−l
|ζ|=n−i−k+l
|ν|=l
|ξ|=i−l
cλν,ξc
µ
σ,ζ
((
Vν ⊗ Vξ ⊗ χ
i
l
)
⊗
(
Vσ ⊗ Vζ ⊗ χ
n−i
k−l
))
sl
≃
⊕
|σ|=k−l
|ζ|=n−i−k+l
|ν|=l
|ξ|=i−l
cλν,ξc
µ
σ,ζ
(
Vν ⊗ Vσ ⊗ χ
k
l
)
⊗
(
Vξ ⊗ Vζ ⊗ χ
n−k
i−l
)
.
use
(4.21)
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The rest of the statement now follows from Proposition 4.5:
Vλ,µ|P = Ind
Bn
A (Vλ ⊗ Vµ ⊗ χi)|P
=
⊕
sl∈S
Ind
Bk×Bn−k
Asl
(
(Vλ ⊗ Vµ ⊗ χi)sl
)
Prop. 4.5
=
⊕
sl∈S
|σ|=k−l
|ζ|=n−i−k+l
|ν|=l
|ξ|=i−l
cλν,ξc
µ
σ,ζ
(
Ind
Bk×Bn−k
Asl
((
Vν ⊗ Vσ ⊗ χ
k
l
)
⊗
(
Vξ ⊗ Vζ ⊗ χ
n−k
i−l
))
)
use
(4.22)
≃
⊕
sl∈S
|σ|=k−l
|ζ|=n−i−k+l
|ν|=l
|ξ|=i−l
cλν,ξc
µ
σ,ζ
(
IndBkBl×Bk−l
(
Vν ⊗ Vσ ⊗ χkl
)
⊗ Ind
Bn−k
Bi−l×Bn−k−i+l
(
Vξ ⊗ Vζ ⊗ χ
n−k
i−l
) )
≃
⊕
sl∈S
|σ|=k−l
|ζ|=n−i−k+l
|ν|=l
|ξ|=i−l
cλν,ξc
µ
σ,ζVν,σ ⊗ Vξ,ζ Cor. 4.3
=
⊕
|σ|+ν=k
|ζ|+|ξ|=n−k
cλν,ξc
µ
σ,ζVν,σ ⊗ Vξ,ζ ,
which completes the proof of the proposition. 
As a side result, in Corollaries 4.8 and 4.9 we state branching laws of an arbitrary
irreducible Bn-representation over generalized parabolic subalgebras. We note that
these branching laws present an alternative way - which we did not follow as it
appears to be more laborious - to prove the results of Section 4.2.
Corollary 4.8. Let P = P∅,(p1,...,pl) = Bp1 × · · ·×Bpl , where |λ|+ |µ| = p1+ · · ·+
pl = n and let ν1, . . . , νk and σ1, . . . , σk be partitions with |νi|+ |σi| = pi. Then the
multiplicity of the P -module Vν1,σ1 ⊗ · · · ⊗ Vνk,σk in Vλ,µ|P is given by:
dimHomP (Vν1,σ1 ⊗ · · · ⊗ Vνk,σk , Vλ,µ)
=
∑
ξ1,...,ξk−1
ζ1,...,ζk−1
cλν1,ξ1c
ξ1
ν2,ξ2
. . . c
ξk−2
νk−1,ξk−1
c
ξk−1
νk,∅
cµσ1,ζ1c
ζ1
σ2,ζ2
. . . c
ζk−2
σk−1,ζk−1
c
ζk−1
σk,∅
.
Proof. The proof consists in consecutively applying the branching law (4.14) to the
embeddings
Bp1 ×Bn−p1 →֒ Bn
Bp2 ×Bn−p1−p2 →֒ Bn−p1
...
Bpk−1 ×Bpk →֒ Bpk−1+pk ;
we omit the details of the computation. 
Proposition 4.7 and Corollary 4.8 imply the following.
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Corollary 4.9. Let |λ| + |µ| = p1 + · · · + pl = n and 1 ≤ k ≤ l, let P =
P(p1,...,pk),(pk+1,...,pl) = Sp1 × · · · × Spk ×Bpk+1 × · · · ×Bpl . Let ρ1, . . . , ρk be parti-
tions with |ρi| = p1, . . . , |ρk| = pk and let νk+1, . . . , νl and σk+1, . . . , σl be partitions
such that |νi| + |σi| = pi for all i > k. Then the multiplicity of the P -module
Vρ1 ⊗ · · · ⊗ Vρk ⊗ Vνk+1,σk+1 ⊗ · · · ⊗ Vνl,σl in Vλ,µ|P is given by
dimHomP
(
Vρ1 ⊗ · · · ⊗ Vρk ⊗ Vνk+1,σk+1 ⊗ · · · ⊗ Vνl,σl , Vλ,µ
)
=∑
ν1,...,νk
σ1,...,σk
|νi|+|σi|=pi,i≤k
ξ1,...,ξl−1
ζ1,...,ζl−1
cρ1ν1,σ1 . . . c
ρk
νk,σk c
λ
ν1,ξ1c
ξ1
ν2,ξ2
. . . c
ξl−2
νl−1,ξl−1
c
ξl−1
νl,∅
cµσ1,ζ1c
ζ1
σ2,ζ2
. . . c
ζl−2
σl−1,ζl−1
c
ζl−1
σl,∅
.
Proof. Use the result of Corollary 4.8 to branch Bn over Bp1 × · · · × Bpl and
then apply the second rule in Proposition 4.7 to branch the first k-tuple of groups
Bp1 × · · · ×Bpk over Sp1 × · · · × Spk . 
4.2. Sign representation multiplicities when restricted to parabolic sub-
groups in type B. In the present section we obtain formulas for the multiplicity
of the sign representation of a subgroup of the form Sp1 ×· · ·×Spk×Bp1×· · ·×Bpl
(see (4.5)) in an arbitrary irreducible Bn-representation Vλ,µ.
We need the following technical statement.
Proposition 4.10.
(4.23)
∑
α+β=γ
Kλ,αKµ,β =
∑
ν
cνλ,µKν,γ .
where α, β, γ stand for arbitrary tuples of non-negative integers (not necessarily
partitions) and λ, µ, ν denote partitions.
This proposition follows from comparing coefficients in the Schur polynomial
multiplication identities [7, page 66, (4)] and we omit its proof. An alternative
proof can also be extracted directly from Proposition 3.5.
Recall from (4.4), (4.3) and (4.5) that P(p1,...,pk),∅ denotes a parabolic subgroup
that is a sum of type A subgroups, P(p1,...,pk),(pk+1) denotes a parabolic subgroup
whose last component is of type Bpk+1 , and P(p1,...,pk),(pk+1,...,pl) = Sp1×· · ·×Spk×
Bpk+1 × · · · × Bpl stands for the natural generalization of a parabolic subgroup in
type B. Just as in type A, for a subgroup P of Bn generated by reflections, let
SignP denote the sign representation of P .
For a tuple of non-negative integers α = (α1, . . . , αk), let d(α) stand for the
number of entries of α excluding the possible trailing zeroes at the end, that is,
d(α) = largest j for which t > j implies at = 0.
Proposition 4.11. The multiplicity dimHomP (SignP, Vλ,µ) of the sign represen-
tation of P = P(p1,...,pk),(pk+1,...,pl) in Vλ,µ is given by
(4.24)
∑
α+β=(p1,...,pl)
d(α)≤k
Kλ∗,αKµ∗,β ,
where α, β stand for tuples of non-negative integers.
We note that when we specialize the above proposition to k = l and k = l + 1
we get the multiplicities of Vλ,µ over the (non-generalized) parabolic subgroups in
type Bn. We state those in the following.
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Corollary 4.12.
(1) The multiplicity dimHomP (SignP, Vλ,µ) of the sign representation of P =
P(p1,...,pk),∅ in Vλ,µ is given by
(4.25) dimHomP (SignP, Vλ,µ) =
∑
α+β=(p1,...,pk)
Kλ∗,αKµ∗,β,
where α, β stand for tuples of non-negative integers (not necessarily parti-
tions).
(2) The multiplicity dimHomP (SignP, Vλ,µ) of the sign representation of P =
P(p1,...,pk),(pk+1) in Vλ,µ is given by
(4.26) dimHomP (SignP, Vλ,µ) =
∑
α+β=(p1,...,pk)
Kλ∗,αKµ∗,β⊕(pk+1),
where α, β stand for tuples of non-negative integers and β ⊕ (pk+1) stands
for (β1, . . . , βk, pk+1), where β = (β1, . . . , βk).
Proof of Proposition 4.11. The proof combines the branching laws given in Propo-
sition 4.7 with the already established branching laws in type A.
We proceed by induction on l − k, the number of type B components in the
generalized parabolic subgroup. We start with the base case l − k = 0, which has
been formulated in (4.25).
Proof of (4.25). Set P = P(p1,...,pk),∅ and compute:
dimHomP (SignP, Vλ,µ)=dimHomP

SignP, ⊕
ν=λ+µ
cνλ,µVν

 Prop. 4.7
=
∑
ν=λ+µ
cνλ,µ dimHomP (SignP, Vν)
=
∑
ν=λ+µ
cνλ,µKν∗,(p1,...,pk) Prop. 3.8
=
∑
ν=λ+µ
cν
∗
µ∗,λ∗Kν∗,(p1,...,pk) [7, page 62]
=
∑
α+β=(p1,...,pk)
Kλ∗,αKµ∗,β.
use
(4.23)
.
Proof of (4.24). Let P = P(p1,...,pk),(pk+1,...,pl) = Sp1 ×· · ·×Spk ×Bpk+1 ×· · ·×Bpl .
Denote by Q the sum of the first l− 1 factors of P , i.e.,
Q = Sp1 × · · · × Spk ×Bpk+1 × . . . Bpl−1 .
We have the chain of embeddings
P = Q×Bpl →֒ Bn−pl ×Bpl →֒ Bn.
By induction hypothesis, we suppose we have proven our statement for the multi-
plicity of the sign representation of Q in an irreducible Bn−pk -representation. We
proceed to compute dimHomP (SignP, Vλ,µ).
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dimHomP (SignP, Vλ,µ)=dimHomP

SignP, ⊕
|ν|+|σ|=n−pl
|ξ|+|ζ|=pl
cλν,ξc
µ
σ,ζVν,σ ⊗ Vξ,ζ

 use(4.14)
=
∑
|ν|+|σ|=n−pl
|ξ|+|ζ|=pl
cλν,ξc
µ
σ,ζ dimHomP (SignP, Vν,σ ⊗ Vξ,ζ)
=
∑
|ν|+|σ|=n−pl
|ξ|+|ζ|=pl
cλν,ξc
µ
σ,ζ dimHomQ (SignQ, Vν,σ)
dimHomBpl (SignBpl , Vξ,ζ) .
Let π denote the partition that corresponds to the sign representation of Spl , that
is, π = [1, . . . , 1︸ ︷︷ ︸
pl
] times. Recall from (4.10) that the sign representation SignBpl
equals V∅,π. Therefore dimHomBpl (SignBpl , Vξ,ζ) equals zero or one, with one
achieved only when ξ = ∅ and ζ = π. The rest of the proof consists is a computation
using the induction hypothesis and (3.4).
dimHomP (SignP, Vλ)=
∑
|ν|+|σ|=n−pl
cλν,∅c
µ
σ,π dimHomQ (SignQ, Vν,σ)
=
∑
|λ|+|σ|=n−pl
cµσ,π dimHomQ (SignQ, Vλ,σ)
=
∑
|σ|+pl=n−|λ|
α+β′=(p1,...,pl−1)
d(α)≤k
cµσ,πKσ∗,β′Kλ∗,α ind. hyp.
=
∑
α+β′=(p1,...,pl−1)
d(α)≤k
Kλ∗,α
∑
|σ|+pl=|µ|
cµσ,πKσ∗,β′
=
∑
α+β′=(p1,...,pl−1)
d(α)≤k
Kλ∗,αKµ∗,β′⊕(pl)
use
(3.4)
=
∑
α+β=(p1,...,pl)
d(α)≤k
Kλ∗,αKµ∗,β .

We finish this section by tabulating the sign multiplicities in B3 in Table 4.
The table entries indicate the multiplicities dimHomP (SignP, V ), where P is the
parabolic indicated in the column label and V is the representation indicated by
the row label. We also indicate the Dynkin type of the parabolic subgroup (here
A21 stands for short-rooted root subsystem and A1 for long-rooted).
We illustrate the computation of a few table entries using our method. For
example, consider P = P(2),(1) = S2 × B1 and V = V[1,1],[1], i.e., λ = [1, 1], µ = [1].
In this case λ∗ = [2]. To get a non-zero summand K[2],αK[1],β⊕(1)in (4.26) we
need to have α = (2) and β ⊕ (pk+1) = (0, 1). Hence, the multiplicity of the sign
representation of P in V is K[2],(2)K[1],(0,1) = 1 × 1 = 1. As a second example,
consider P = P(2,1),∅ = S2 × S1 and the same representation V = V[1,1],[1]. To get
a non-zero summand K[2],αK[1],β in (4.25) we can only have α = (1, 1), β = (1, 0)
or α = (2) and β = (0, 1). In both cases K[2],αK[1],β = 1, and so the multiplicity of
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the sign representation of P in V is 2. The other entries of the table are computed
in the same manner.
Table 4. Sign signatures in B3
P∅,(3) P(1),(2) P(1,1),(1) P(2),(1) P(1,1,1),∅ P(2,1),∅ P(3),∅
B3 B2 A
2
1 A
2
1+A1 0 A1 A2
Ir’reps. B3 S1×B2 S1 ×
S1 ×B1
S2×B1 S1 ×
S1 × S1
S2 × S1 S3
V∅,[1,1,1] 1 1 1 1 1 1 1
V∅,[2,1] 0 1 2 1 2 1 0
V∅,[3] 0 0 1 0 1 0 0
V[1],[1,1] 0 1 2 1 3 2 1
V[1],[2] 0 0 2 1 3 1 0
V[1,1],[1] 0 0 1 1 3 2 1
V[2],[1] 0 0 1 0 3 1 0
V[1,1,1],∅ 0 0 0 0 1 1 1
V[2,1],∅ 0 0 0 0 2 1 0
V[3],∅ 0 0 0 0 1 0 0
4.3. Recovering representations from sign signatures/multiplicities in type
B.
4.3.1. Recovering irreducible representations in type B.
Theorem 4.13. Let V = Vλ∗,µ∗ be an irreducible representation of Bn. Then λ
and µ can be computed from the sign signature of V as follows:
(1) Let α = (α1, . . . , αk) be the lexicographically largest partition such that Pα,∅
belongs to the sign signature of V .
(2) For each i between 1 and k, let β(i) = (β
(i)
1 , . . . , β
(i)
ki
) be the lexicographi-
cally largest partition such that P
(β
(i)
1 ,...,β
(i)
i−1,β
(i)
i+1,...,β
(i)
ki
),(β
(i)
i )
lies in the sign
signature of V .
(3) Then λ = (β
(1)
1 , . . . , β
(k)
k ) and µ = α− λ.
Proof. This is a rephrasing of Corollary 4.15 
Proposition 4.14. For (λ, µ) 6= (ν, σ) the Bn-representations Vλ,µ and Vν,σ have
different sign signatures.
Proof. Case 1. Suppose the partitions λ∗+µ∗ and ν∗+σ∗ are different and λ∗+µ∗ >
ν∗ + σ∗ in the lexicographic order. We claim that Pλ∗+µ∗,∅ belongs to the sign
signature of Vλ,µ but not of Vν,σ. Indeed, by Corollary 4.12 we have that
dimHomPλ∗+µ∗,∅
(
SignPλ∗+µ∗,∅, Vν,σ
)
=
∑
α+β=λ∗+µ∗
Kν∗,αKσ∗,β = 0,
where we have used the fact that ν∗ + σ∗ < α + β = λ∗ + µ∗ implies that either
Kν∗,α or Kσ∗,β is zero. On the other hand, the same consideration shows that
dimHomPλ∗+µ∗,∅
(
SignPλ∗+µ∗,∅, Vλ,µ
)
=
∑
α+β=λ∗+µ∗
Kλ∗,αKµ∗,β
=Kλ∗,λ∗Kµ∗,µ∗ = 1.
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Case 2. If λ∗ + µ∗ = ν∗ + σ∗, we can assume µ∗ > σ∗. If the first different entry
of µ∗ and σ∗ occurs in the tth position, then we write µ∗t > σ
∗
t . Let ω be the tuple
obtained by replacing the tth entry of λ∗ + µ∗ with λ∗t . The entries of ω are given
by
(4.27) ω =
(
λ∗1 + µ
∗
1, . . . , λ
∗
t−1 + µ
∗
t−1, λ
∗
t , µ
∗
t+1 + λ
∗
t+1, . . . , µ
∗
k + λ
∗
k
)
.
We claim that the parabolic subgroup Pω,(µ∗t ) belongs to the sign signature of Vλ,µ
but not of Vν,σ. In order to prove our claim, we first observe that
Kµ∗,(ω−λ∗,µ∗t ) = Kµ∗,(µ∗1 ,...,µ∗t−1,0,µ∗t+1,...,µ∗k,µ∗t )
= Kµ∗,µ∗ = 1 > 0,
where the second equality follows from Corollary 3.6. Together with Corollary 4.12
this implies
dimHomPω,(µ∗t )
(
SignPω,(µ∗t ), Vλ,µ
)
=
∑
α+β=ω
Kλ∗,αKµ∗,β⊕(µ∗t )
≥ Kλ∗,λ∗Kµ∗,(ω−λ∗)⊕(µ∗t )
> 0,
which shows Pω,(µ∗t ) belongs to the sign signature of Vλ,µ. Applied to the pair ν, σ,
Corollary 4.12 implies that
dimHomPω,(µ∗t )
(
SignPω,(µ∗t ), Vν,σ
)
=
∑
α+β=ω
Kν∗,αKσ∗,β⊕(µ∗t ) .
All the above summands are zero. To see that, observe first that the entries of
α+β = ω and ν∗+σ∗ coincide for the first t−1 entries. To fill two tableaux whose
first row sums are ω1, . . . , ωt−1 with contents α, β whose sum has the same first
t− 1 entries one needs to have that the first t− 1 entries of α equal those of ν∗ and
the first t− 1 entries of β equal those of σ∗. It follows that Kν∗,αKσ∗,β⊕(µ∗t ) could
possibly be non-zero only if α and ν∗ as well as β and σ∗ have coinciding first t− 1
entries. Now suppose the first t − 1 entries of β and σ∗ coincide. To complete σ∗
to a tableau with content β ⊕ (µ∗t ) we need to place µ
∗
t copies of the value k + 1
in the rows with index ≥ t. This cannot be done: the tth row contains σ∗t < µ
∗
t
entries and therefore a numbering with the already fixed first t−1 rows and content
β⊕ (µ∗t ) would have the entry k+1 appearing twice in the same column. It follows
that Kν∗,αKσ∗,β⊕(µ∗t ) is zero. This proves the proposition. 
The proof of Proposition 4.14 suggests an algorithm to recover the pair (λ, µ) if
we know the sign signature of Vλ,µ. We shall now formulate the algorithm.
Corollary 4.15. Let Vλ∗,µ∗ be an irreducible representation of Bn, where we recall
that λ∗ and µ∗ denote the dual partitions of λ = [λ1, . . . , λk] and µ = [µ1, . . . , µk].
Here we potentially add zeros to ensure that both µ and λ have the same number of
entries.
Then λi, µi are computed consecutively from the following equalities.
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λ1=max{pk+1| dimHomP(p1,...,pk),(pk+1)
(
SignP(p1,...,pk),(pk+1), Vλ∗,µ∗
)
> 0}
λ1 + µ1=max{p1| dimHomP(p1,...,pk),∅
(
SignP(p1,...,pk),∅, Vλ∗,µ∗
)
> 0}
...
λi=max{pk+1| dimHomP(λ1+µ1,...,λi−1+µi−1,pi,...,pk),(pk+1)(
SignP(λ1+µ1,...,λi−1+µi−1,pi,...,pk),(pk+1), Vλ∗,µ∗
)
> 0}
λi + µi=max{pi| dimHomP(λ1+µ1,...,λi−1+µi−1,pi,...,pk),∅(
SignP(λ1+µ1,...,λi−1+µi−1,pi,pi+1,... ),∅, Vλ∗,µ∗
)
> 0}
...
The proof of Corollary 4.15 follows from the fact that
dimHom
(
SignPω,∅, Vµ∗,λ∗
){ = 0 when ω > λ+ µ
> 0 when ω = λ+ µ
and the fact that
dimHomPω,(pk+1)
(
SignPω,(pk+1), Vµ∗,λ∗
)


= 0 when the first entry
ωi for which
λi + µi 6= ωi
satisfies ωi > µi
> 0 when ω is given by (4.27)
;
these facts in turn follow from Case 1 and Case 2 of the proof of Corollary 4.14.
4.3.2. Recovering arbitrary representations in type B. In the previous paragraph we
described how to recover irreducible representations from their sign signatures. In
this section we extend the result to arbitrary representations. To do this we need to
generalize the notion of a sign signature to allow generalized parabolic subgroups.
Given a representation V , define the generalized sign signature
SignSigGen(V )
of V as the set of generalized parabolics whose sign representation appears as a
subrepresentation of V .
For pairs of partitions (λ, µ) and (ν, σ), define an order ≻ by requesting that
(λ, µ) ≻ (ν, σ) if and only if µ∗ > σ∗ in the lexicographic order or µ = σ and
λ∗ > ν∗ in the lexicographic order. Let
(λ1, µ1) ≻ · · · ≻ (λM , µM )
be all pairs of partitions with |λj |+ |µj | = n, ordered according to ≻, as indicated
above. For every allowed index j let Pj be the generalized parabolic subgroup given
by Pj = Pλ∗j ,µ∗j . Let Π be the set of the Pi’s:
Π = {P1, . . . , PM}.
Just as in type A, the set Π contains exactly one representative of each of the
generalized parabolic subgroups of Bn, and the generalized sign signature of a
representation is determined by its intersection with Π.
Proposition 4.16.
(1) The multiplicity dimHomPν∗,σ∗ (SignPν∗,σ∗ , Vλ,µ) of the sign representa-
tion of Pν∗,σ∗ in Vλ,µ equals 0 if (ν, σ) ≻ (λ, µ) and equals 1 if (ν, σ) =
(λ, µ).
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(2) The generalized sign signature SignSigGenVλi contains Pi and does not
contain P1, . . . , Pi−1.
Proof. 2) follows from 1); we are proving 1). We treat first the case (λ, µ) = (ν, σ).
Now suppose (ν, σ)  (λ, µ). By Proposition 4.11 the multiplicity of the sign
representation of Pν∗,σ∗ in Vλ,µ is
dimHomPν∗,σ∗ (SignPν∗,σ∗ , Vλ,µ) =
∑
α+β=ν∗⊕σ∗
d(α)≤k
Kλ∗,αKµ∗,β.
It follows that for each β we have that β ≥ (0, . . . , 0) ⊕ σ∗ (in the lexicographic
order). Considering the number of semistandard tableaux of shape µ∗ we see
that Kµ∗,β is zero when β > (0, . . . , 0) ⊕ µ∗ and equals one only in the case
β = (0, . . . , 0)⊕ µ∗. Since (ν, σ) ≻ (λ, µ), this is possible only when σ∗ = µ∗. Con-
sequently the term Kλ∗,αKµ∗,β can be non-zero when β = (0, . . . , 0)⊕ µ
∗, α = ν∗
and σ∗ = µ∗. Since (ν, σ) ≻ (λ, µ) and σ = µ it follows that a non-zero term has
α = ν∗ ≥ λ∗. Finally, a consideration of the number of semistandard tableaux
of shape λ∗ shows Kλ∗,αKµ∗,β is one only when (λ, µ) = (ν, σ) and α = λ
∗ and
β = (0, . . . , 0) ⊕ µ, and is zero in all other cases. This completes the proof of the
statement. 
Let C[Π] be the formal vector space generated freely over C by elements of Π.
In other words, an element of C[Π] is a formal sum of the form
∑
λ,µ
aλ,µPλ,µ, where
aλ,µ are arbitrary complex numbers and λ, µ run over the partitions for which
|λ|+ |µ| = n.
Definition 4.17. Given a representation V , define sgnMult(V ) ∈ C[Π] as the
formal sum
sgnMult(V ) =
∑
|λ|+|µ|=n
dimHomPλ,µ (SignPλ,µ, V )Pλ,µ .
In the terminology of Definition 4.17, Proposition 4.16.(2) can be restated by
saying that the matrix formed by the coordinates aν,σ of the irreducible represen-
tations Vλ,µ (both listed in ascending order relative to ≻), form a triangular matrix
with non-zero diagonal entries. Linear algebra implies the following.
Corollary 4.18.
(1) The vectors sgnMult(Vλ,µ) obtained by letting Vλ,µ run over the set of ir-
reducible representations of Bn are linearly independent.
(2) sgnMult(V ) = sgnMult(U) if and only if V ≃ U .
(3) The matrix
(
dimHomPν,σ (SignPν,σ, Vλ,µ)
)
|ν|+|σ|=|λ|+|µ|=n
is square and
has non-zero determinant.
Thus, an arbitrary representation V is identified up to isomorphism by the tuple(
dimHomPν,σ (SignPν,σ, V ) , . . .
)
|ν|+|σ|=n
. Just as in type A, to recover the mul-
tiplicities of each irreducible constituent of V from sgnMultV , one multiplies the
vector-column
(
dimHomPν,σ (SignPν,σ, V ) , . . .
)
|ν|+|σ|=n
on the left by inverse of
the matrix given in Corollary 4.18.3).
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5. Type D
In this section, we describe how to recover irreducible representations in type D
from sign signatures. Our main result is the following algorithm.
Theorem 5.1. Let V be an irreducible representation of Dn. Then the isomor-
phism type of V can be computed from its sign signature as follows.
(1) Let α+ (resp. α−) be the lexicographically largest partition such that P
+
α+,∅
(resp. P−α−,∅) lies in the sign signature of V .
(2) If α+ > α−, put λ = α+/2. Then V is isomorphic to V
+
{λ∗,λ∗}.
(3) If α− > α+, put λ = α−/2. Then V is isomorphic to V
−
{λ∗,λ∗}.
(4) Otherwise, α+ = α−; let α denote their common value.
(5) For each i between 1 and k, let β(i) = (β
(i)
1 , . . . , β
(i)
ki
) be the lexicographi-
cally largest partition such that P
(β
(i)
1 ,...,β
(i)
i−1,β
(i)
i+1,...,β
(i)
ki
),(β
(i)
i )
lies in the sign
signature of V .
(6) There will be some index i for which β
(i)
i >
αi
2 . Let s denote the least such
index.
(7) Let γ denote the lexicographically largest partition such that
P
(α1,...,αs−1,γ1,γ2,... ),(β
(s)
s )
lies in the sign signature of V .
(8) For 1 ≤ i ≤ s, put λi = β
(i)
i , and for positive j put λs+j = γs+j+β
(s+j−1)
s+j−1 −
αs+j−1.
(9) Finally, put µ = α− λ. Then V is isomorphic to V{λ∗,µ∗}.
Details on our notation can be found in the rest of this section. This theorem is
a rephrasing of Proposition 5.13, proved at the end of this section.
5.1. Preliminaries. The Weyl group of type Dn = Sn ⋉ Z
b−1
2 can be realized
as the index two subgroup of Bn = Sn ⋉ Z
n
2 generated by Sn and the diagonal
matrices {A = diag(±1, . . . ,±1)| detA = 1}. In this matrix realization, the first n−
1 (standard) simple reflections are realized as the permutation matrices t1, . . . , tn−1
of the pairs of indices (1, 2), (2, 3), . . . , (n − 1, n). The last simple reflection is
realized as the matrix
(5.1) tn =


1
. . .
1
0 −1
−1 0

 .
The representations of Weyl groups in type Dn depend on the parity of n. Sup-
pose that n is even. Let
q =
n
2
if n is even.
Let σ be the element with matrix realization
(5.2) σ =
(
0 I
I 0
)
,
where I is the q × q identity matrix.
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5.1.1. Preliminaries: the irreducible representations of Dn. In this section we con-
struct the irreducible representations of type D using the little groups method of
Wigner and Mackey (Section 4.1.1). To do so we set G = Sn and H = Z
n−1
2 . Let
χ¯i be the restriction of the Z
n
2 -character given in (4.7) by
ǫ1 ⊗ · · · ⊗ ǫ1︸ ︷︷ ︸
i copies
⊗ ǫ−1 ⊗ · · · ⊗ ǫ−1︸ ︷︷ ︸
n−i copies
down to Zn−12 under the natural embedding Z
n−1
2 →֒ Z
n
2 arising from the embedding
Dn →֒ Bn. Since Z
n−1
2 is realized as diagonal matrices with determinant 1 it follows
that χ¯i = χ¯n−i. Let X denote the characters of Z
n−1
2 . It follows that a set X/Sn
of representatives of the orbits of X under the action of Sn is given by
X/Sn =
{
χ¯i|0 ≤ i ≤
n
2
}
.
For i 6= n2 , the stabilizer Gi of χi under the action of Sn is Si × Sn−i, and to apply
the little groups method we need to induce from the Si × Sn−i ⋉ Z
n−1
2 -module
U{λ,µ} ⊗ χ¯i where U{λ,µ} denotes the module
U{λ,µ} = Vλ ⊗ Vµ,
with |λ| = i, |µ| = n− i, i 6= n2 .
The case i = q = n2 is more complicated. The stabilizer of χ¯q is the group
Gq ≃ Z2 ⋉ (Sq × Sq) realized as the group generated by the element σ given in
(5.2) and Sq × Sq. Hence,
Gq =
{(
A 0
0 B
)}
∪
{(
0 A
B 0
)}
,
where A,B run over the q × q permutation matrices. For g ∈ Sq × Sq, denote by g
the element σ−1gσ, that is
if g =
(
A 0
0 B
)
then set g =
(
B 0
0 A
)
.
Given a partition λ, let pλ be one permutation matrix with cycle structure λ. The
conjugacy classes of Z2 ⋉ (Sq × Sq) are then represented by the set of pairwise
non-conjugate elements{(
pλ 0
0 pµ
)
|λ ≥ µ
}
∪
{(
0 I
pλ 0
)}
.
Set U{λ,µ} = Ind
Gq
Sq×Sq
(Vλ ⊗ Vµ). Then U{λ,µ} can be understood as:
U{λ,µ} = linspan ({(id, v ⊗ w)} ∪ {(σ, v ⊗ w)}) ,
where v ∈ Vλ and w ∈ Vµ run over vector space bases in the corresponding rep-
resentations. An element g1 × g2 lying in Sq × Sq acts by g1 × g2 · (id, v ⊗ w) =
(id, g1 · v ⊗ g2 · w) and g1 × g2 · (σ, v ⊗ w) = (σ, g2 · v ⊗ g1 · w).
For an arbitrary Sq×Sq-module W recall that Wσ denotes its σ-conjugate mod-
ule given by (4.12). Direct computation shows that (Vλ ⊗ Vµ)σ ≃ Vµ ⊗ Vλ. [14,
Proposition 5.1(2), page 64] shows that when λ 6= µ the Gq-module U{λ,µ} ≃ U{µ,λ}
is irreducible. Two such modules are isomorphic only when the corresponding un-
ordered pairs of defining partitions coincide and this motivates our use of the curly
brace notation {} to index U{λ,µ}.
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We now proceed with the case λ = µ; we temporarily replace the notation
Vλ ⊗ Vλ by V ′λ ⊗ V
′′
λ to emphasize that the first factor V
′
λ is a representation of the
first factor of Sq × Sq and V ′′λ - of the second. Let ϕ be one invertible map that
makes the following diagram commutative for all elements g belonging to the first
direct summand of Sq × Sq:
V ′λ
ϕ // V ′′λ
V ′λ
g
OO
ϕ // V ′′λ
g
OO
.
For convenience we introduce the notation
v = ϕ(v) for all v ∈ V ′λ
w = ϕ−1(w) for all w ∈ V ′′λ .
In our notation, (g · v) = g · v and v = v whenever the involved expressions are
defined.
Let U+{λ,λ} be the subspace of Ind
Gq
Sq×Sq
Vλ ⊗ Vλ given by
U+{λ,λ} = linspanv∈V ′λ,w∈V ′′λ ((id, v ⊗ w) + (σ,w ⊗ v))
and let U−{λ,λ} be the subspace given by
U−{λ,λ} = linspanv∈V ′λ,w∈V ′′λ ((id, v ⊗ w) − (σ,w ⊗ v)) .
Since for g in the first factor of Sq × Sq we have that
(5.3)
g · ((id, v ⊗ w) + (σ,w ⊗ v)) = (id, (g · v)⊗ (g · w)) + (σ, g · w ⊗ g · v)
σ · ((id, v ⊗ w) + (σ,w ⊗ v)) = (σ, v ⊗ w) + (id, w ⊗ v)
g · ((id, v ⊗ w) − (σ,w ⊗ v)) = (id, (g · v)⊗ (g · w)) − (σ, g · w ⊗ g · v)
σ · ((id, v ⊗ w) − (σ,w ⊗ v)) = (σ, v ⊗ w) − (id, w ⊗ v)
Thus, U+{λ,λ} and U
−
{λ,λ} are in fact Gq-(sub)modules. By [14, Proposition 5.1(1),
page 64], these two representations are irreducible and distinct from the remaining
U{λ,µ} with λ 6= µ. Finally, the irreducible representations of Z2 ⋉ (Sq × Sq) are
exhausted by the representations of the form U+{λ,λ}, U
−
{λ,λ} and U{λ,µ}, as their
number matches the number of conjugacy classes of Z2 ⋉ (Sq × Sq).
The little groups method of Wigner and Mackey (Proposition 4.2) now implies
the following.
Proposition 5.2. The set of irreducible representations of Dn consists (up to
isomorphism) of the pairwise non-isomorphic representations
V{λ,µ} = Ind
Dn
Si×Sn−i⋉Z
n−1
2
(
U{λ,µ} ⊗ χ¯i
)
, i 6= n2 , |λ| = i, |µ| = n− i
V{λ,µ} = Ind
Dn
Z2⋉(Sq×Sq)⋉Z
n−1
2
(
U{λ,µ} ⊗ χ¯i
)
, i = q = n2 , |λ| = |µ| = q, λ 6= µ
V ±{λ,λ} = Ind
Dn
Z2⋉(Sq×Sq)⋉Z
n−1
2
(
U±{λ,λ} ⊗ χ¯i
)
, |λ| = q = n2 ,
where the representations in the last two rows are defined only if n is even and
furthermore we have that
V{λ,λ} = Ind
Dn
Z2⋉(Sq×Sq)⋉Z
n−1
2
(
U{λ,λ} ⊗ χ¯i
)
≃ V +{λ,λ} ⊕ V
−
{λ,λ}.
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5.2. Preliminaries: branching from Dn to large subgroups. Most of this is
in [13].
Proposition 5.3. The restriction of the Bn-representation Vλ,µ to Dn is V{λ,µ}.
The sign representation in type B restricts to the sign representation in type D
and therefore the sign representation in type Dn is given by:
(5.4) SignDn = V{π,∅} = V{∅,π},
where π = [1, . . . , 1︸ ︷︷ ︸
n times
]. From the remarks in [13, §3] we get the following.
Corollary 5.4. The Bn-modules V∅,π = SignBn and Vπ,∅ are the only two irre-
ducible Bn-modules that restrict to SignDn.
Let s be the last simple reflection of Bn, i.e., the element with matrix realization
s = diag(1, . . . , 1,−1).
The element s lies outside of Dn and conjugation by s swaps the two last simple
reflections tn and tn−1 and keeps all other simple reflections in place.
For an arbitrary Dn-module U , let Us denote its conjugate Dn-module given by
the same vector space as U but equipped with action ·s given by
g ·s u =
(
sgs−1
)
· u .
The following proposition describes the behavior of the irreducibles Dn-modules
under conjugation with s.
Proposition 5.5. ([13, §3, Remarks])
•
(
V{λ,µ}
)
s
= V{λ,µ}
•
(
V ±{λ,λ}
)
s
= V ∓{λ,λ}
We note that the proposition above follows from Proposition 5.3 and general
facts about branching a group to an index two subgroup (see [14, Proposition 5.1]).
We will also need the following.
Corollary 5.6.
(1) V{λ,µ} ⊗ SignDn ≃ V{µ∗,λ∗} ≃ V{λ∗,µ∗}
(2) V ±{λ,λ} ⊗ SignDn ≃ V
±
{λ∗,λ∗}.
Proof. 5.6.(1) follows directly from Proposition 5.3.
To prove 5.6.(2) we need to do a little extra work. We use the notation from
the preceding section. Let Q be the subgroup from which V +{λ,λ} is induced, i.e.,
Q = Z2 ⋉ (Sq × Sq) ⋉ Z
n−1
2 . We have that V
+
{λ,λ} ⊗ SignDn is contained in the
module W = IndQ
(
U+{λ,λ} ⊗ SignQ
)
.
Direct computation with (5.3) using the fact that sgnσ = 1 (σ was defined in
(5.2)) shows the Q-module isomorphism
U+{λ,λ} ⊗ SignQ ≃ U
+
{λ∗,λ∗}.
Proposition 5.2 now implies that W = V +{λ∗,λ∗}, and the fact that the latter is
irreducible and contains V +{λ,λ} shows the two are isormophic. The proof for V
−
{λ,λ}
is similar and we omit it. 
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Next we recall the non-split rules for branching irreducible representations of Dn
to Dn−k ×Dk.
Proposition 5.7. [13, §3.A] Let λ, µ be partitions with |λ| + |µ| = n (we allow
λ = µ). Then
V{λ,µ}|Dk×Dn−k
≃
⊕
|ν|+ |σ|=k
|ξ|+ |ζ|=n− k
cλν,ξc
µ
σ,ζV{ν,σ} ⊗ V{ξ,ζ}(5.5)
V{λ,µ}|Sn
≃
⊕
|λ|+|µ|=|ν|
cνλ,µVν .(5.6)
This proposition is a direct corollary of Propositions 5.3 and 4.7 and we omit
its proof. To have a complete collection of branching laws over Sn and Dk ×Dn−k
we need additional laws to branch the split case V ±{λ,λ}. These rules can again be
found in [13, §3.C, D], where the rules for restriction over Sn are in turn based on
[1]. For the reader’s convenience we include these branching rules here.
Proposition 5.8.
If k is odd then:
(5.7) V ±{λ,λ}|Dk×Dn−k
≃
⊕
|ν|+ |σ|=k
|ξ|+ |ζ|=n− k
ν>σ
cλν,ξc
λ
σ,ζV{ν,σ} ⊗ V{ξ,ζ}.
If k is even then:
(5.8) V ±{λ,λ}|Dk×Dn−k
≃
⊕
|ν|+ |σ|=k
|ξ|+ |ζ|=n− k
ν≥σ
(ν, ξ)6=(σ, ζ)
cλν,ξc
λ
σ,ζV{ν,σ} ⊗ V{ξ,ζ}
⊕

 ⊕
|ν|=k,|ξ|=n−k
dλν,ξV
±
{ν,ν} ⊗ V
±
{ξ,ξ}

 ,
where dλν,ξ =
{(cλν,ξ+1
2
)
if the number of ’-’ in V ±λ,λ, V
±
ν , V
±
ξ is even(cλν,ξ
2
)
if the number of ’-’ in V ±λ,λ, V
±
ν , V
±
ξ is odd.
(5.9) V ±{λ,λ}|Sn
≃
⊕
ν
cλ,±ν Vν ,
where
cλ,+ν = dimHomGL(n)
(
V ν , S2(V λ)
)
cλ,−ν = dimHomGL(n)
(
V ν ,Λ2(V λ)
) and ν runs over all partitions.
V λ is the representation with highest weight vector v and weight λ, that is, diag(h1, . . . , hn)·
v = hλ11 . . . h
λn
n .
We need a few more technical results.
Lemma 5.9. cλ
∗,±
ν∗ = c
λ,±
ν .
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Proof. We have that
V ±{λ,λ}|Sn
≃
⊕
ν
cλ,±ν Vν use (5.9), see [13, §3.C](
V ±{λ,λ} ⊗ SignDn
)
|Sn
≃
⊕
ν
cλ,±ν Vν ⊗ (SignDn)|Sn(
V ±{λ∗,λ∗}
)
|Sn
≃
⊕
ν
cλ,±ν Vν∗
use Lemma 3.2
and Corollary 5.6⊕
ν∗
cλ
∗,±
ν∗ Vν∗ ≃
⊕
ν
cλ,±ν Vν∗ use (5.9).
This follows from comparing coefficients in the isomorphism above. 
Let > be the lexicographic order on tuples.
Lemma 5.10. Let (p1, . . . , pk) tuple with non-negative entries. Then∑
α+ β = (p1, . . . , pk)
α ≥ β
Kλ,αKλ,β =
∑
ν
cλ,+ν Kν,β
∑
α+ β = (p1, . . . , pk)
α > β
Kλ,αKλ,β =
∑
ν
cλ,−ν Kν,β
where λ, ν are partitions (in the summations ν runs over all partitions) and β stands
for an arbitrary tuple of non-negative integers.
Lemma 5.10 is a direct corollary to Proposition 3.5 and we omit its proof.
5.3. Sign representation multiplicities restricted to parabolic subgroups
in type D. A parabolic subgroups P of Dn is generated by a subset of the simple
reflections t1, . . . , tn fixed in Section 5.1. Relative to the choice of fixed realizations
t1, . . . , tn−1, tn, we separate the parabolic subgroups into three kinds, depending on
whether tn−1 and tn are chosen.
• P+(p1,...,pk),∅ = Sp1 × · · · × Spk−1 × Spk , where each Spj is realized as a
permutation group of consecutive indices (as in (3.1)) with
∑
i
pi = n.
• P−(p1,...,pk),∅ = Sp1×· · ·×Spk−1×Spk with pk > 1, obtained from P
+
(p1,...,pk),∅
by replacing the generator tn−1 by tn. Here, pk > 1 guarantees tn−1 is a
generator of P+(p1,...,pk),∅. We extend this definition to the case pk = 1 by
setting P−(p1,...,pk−1,1),∅ = P
+
(p1,...,pk−1,1),∅
.
• P¯(p1,...,pk−1),(pk) = Sp1 × · · · × Spk−1 ×Dpk , where each Spj is realized as in
(3.1) and the last summand Dpk is realized as a Weyl subgroup of type D
using the last pk indices n, n− 1, . . . , n− pk + 1.
We over-line the letter P to distinguish the parabolic subgroup P¯(p1,...,pk−1),(pk)
in type D from the parabolic subgroup P(p1,...,pk−1),(pk) in type B.
As usual, let SignP denote the sign representation of a parabolic subgroup P .
Conjugation by the element s = diag(1, . . . , 1,−1) of Bn swaps P
+
(p1,...,pk),∅
and
P−(p1,...,pk),∅ and maps P¯(p1,...,pk−1),(pk) onto itself. Together with Proposition 5.5
this implies the following.
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Lemma 5.11.
dimHomP+
(p1,...,pk),∅
(
SignP+(p1,...,pk),∅, V{λ,µ}
)
=dimHomP−
(p1,...,pk),∅
(
SignP−(p1,...,pk),∅, V{λ,µ}
)
dimHomP+
(p1,...,pk),∅
(
SignP+(p1,...,pk),∅, V
+
{λ,λ}
)
=dimHomP−
(p1,...,pk),∅
(
SignP−(p1,...,pk),∅, V
−
{λ,λ}
)
dimHomP+
(p1,...,pk),∅
(
SignP+(p1,...,pk),∅, V
−
{λ,λ}
)
=dimHomP−
(p1,...,pk),∅
(
SignP−(p1,...,pk),∅, V
+
{λ,λ}
)
dimHomP¯(p1,...,pk−1),(pk)
(
SignP(p1,...,pk−1),(pk), V{λ,µ}
)
=
dimHomP¯(p1,...,pk−1),(pk)
(
Sign P¯(p1,...,pk−1),(pk), V{λ,µ}
)
dimHomP¯(p1,...,pk−1),(pk)
(
SignP(p1,...,pk−1),(pk), V
+
{λ,λ}
)
=
dimHomP¯(p1,...,pk−1),(pk)
(
Sign P¯(p1,...,pk−1),(pk), V
−
{λ,λ}
)
.
In the statement below only one occurrence of a parabolic subgroup will be
indicated in full technical notation; the remaining occurrences will be abbreviated
by the letter P .
Proposition 5.12. The multiplicity dimHomP (SignP, V ) of the sign representa-
tion of a parabolic subgroup P in an irreducible representation V of Dn is given as
follows.
(1)
(5.10) dimHomP
(
SignP±(p1,...,pk),∅, V{λ,µ}
)
=
∑
α+β=(p1,...,pk)
Kλ∗,αKµ∗,β
(5.11) dimHomP
(
Sign P¯(p1,...,pk−1),(pk), V{λ,µ}
)
=
∑
α+β=(p1,...,pk)
αk=0 or βk=0
Kλ∗,αKµ∗,β,
where α, β stand for tuples of non-negative integers.
(2)
(5.12) dimHomP
(
SignP+(p1,...,pk),∅, V
+
{λ,λ}
)
=
dimHomP
(
SignP−(p1,...,pk),∅, V
−
{λ,λ}
)
=
1
2
∑
α+β=(p1,...,pk),α6=β
Kλ∗,αKλ∗,β
+
∑
2α=(p1,...,pk)
K2λ∗,α,
(5.13) dimHomP
(
SignP+(p1,...,pk),∅, V
−
{λ,λ}
)
=
dimHomP
(
SignP−(p1,...,pk),∅, V
+
{λ,λ}
)
=
1
2
∑
α+β=(p1,...,pk),α6=β
Kλ∗,αKλ∗,β
(5.14) dimHomP
(
Sign P¯(p1,...,pk−1),(pk), V
±
{λ,λ}
)
=
1
2
∑
α+β=(p1,...,pk),α6=β
αk=0 or βk=0
Kλ∗,αKλ∗,β ,
where α, β stand for tuples of non-negative integers.
Proof. The proof of the proposition consists in carefully restricting the branching
rules for type B to type D.
(1). Suppose λ 6= µ. By Proposition 5.3 the Bn-representation Vλ,µ restricts down
to V{λ,µ} over Dn.
We prove first (5.10). For P = P+(p1,...,pk),∅ the statement follows from (4.25)
as P is the isomorphic restriction of the parabolic subgroup P(p1,...,pk),∅ in type B.
The case P = P−(p1,...,pk),∅ follows from Lemma 5.11.
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Next we prove (5.11). Consider the type B parabolic subgroup P(p1,...,pk−1),(pk).
We have the chain of embeddings
P¯(p1,...,pk−1),(pk)︸ ︷︷ ︸
=P
→֒ P(p1,...,pk−1),(pk)︸ ︷︷ ︸
=Q
→֒ Bn .
Here, we abbreviate P¯(p1,...,pk−1),(pk) by P and P(p1,...,pk−1),(pk) by Q. We will
obtain the multiplicity of SignP in Vλ,µ by first branching down to Q. In view of
Corollary 5.4, SignP is the restriction of two Q- representations: SignQ and the
representation W given by
W = SignSp1 ⊗ · · · ⊗ SignSpk−1 ⊗ Vπ,∅.
The multiplicity of SignQ in Vλ,µ was computed in (4.26) as
dimHomQ (SignQ, Vλ,µ) =
∑
α+β=(p1,...,pk)
Kλ∗,αKµ∗,β⊕(pk+1).
We claim that the multiplicity of W in Vλ,µ is given by
dimHomQ (W,Vλ,µ) =
∑
α+β=(p1,...,pk)
Kλ∗,α⊕(pk+1)Kµ∗,β.
Let U be the 1-dimensional Bn-module on which every element of Bn which has
even number of −1’s in its matrix realization acts by 1 and the other elements act
by −1. A short consideration shows thatW⊗U = SignQ and that Vλ,µ⊗U = Vµ,λ.
For an arbitrary finite groupG, arbitraryG-modules S, T , and a one-dimensional
G-module U we have a vector space isomorphismHomG (S, T ) ≃ HomG (S ⊗ U, T ⊗ U):
indeed, it is straightforward to see that the map ϕ 7→ ϕ¯ which maps an element ϕ ∈
HomG (S, T ) to ϕ¯ ∈ HomG (S ⊗ U, T ⊗ U) via ϕ¯(s⊗u) = ϕ(s)⊗u establishes an iso-
morphism HomG (S, T ) ≃ HomG (S ⊗ U, T ⊗ U). Therefore dimHomQ (W,Vλ,µ) =
dimHomQ (W ⊗ U, Vλ,µ ⊗ U).
It follows that
(5.15)
dimHomQ (W,Vλ,µ) = dimHomQ (W ⊗ U, Vλ,µ ⊗ U)
= dimHomQ (SignQ, Vµ,λ)
=
∑
α+β=(p1,...,pk)
Kλ∗,(α,pk+1)Kµ∗,β use (4.26).
(5.11) now follows by adding (5.15) and (4.26) and the fact that
dimHomP (SignP, Vλ,µ) = dimHomQ(SignQ, Vλ,µ) + dimHomQ(W,Vλ,µ).
(2). Next, we prove (5.12). First, let P = P+(p1,...,pk),∅. We branch first Vλ,λ over
Sn →֒ Dn (using (5.9)) and then branch the Sn representations down to P via the
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type A sign multiplicity rules (using Proposition 3.8). We compute
dimHomP
(
SignP, V +{λ,λ}
)
=
∑
ν
cλ,+ν dimHomP (SignP, Vν) use (5.9)
=
∑
ν
cλ,+ν Kν∗,(p1,...,pk) Proposition 3.8
=
∑
ν
cλ
∗,+
ν∗ Kν∗,(p1,...,pk)
cλ
∗,+
ν∗ = c
λ,+
ν
by Lemma 5.9
=
∑
α+ β = (p1, . . . , pk)
α ≥ β
Kλ,αKλ,β Lemma 5.10,
and this proves (5.12) for P = P+(p1,...,pk),∅. For P = P
−
(p1,...,pk),∅
the statement
follows from Lemma 5.11.
The proof of (5.13) is similar (the only difference being the use of the second
part of Lemma 5.10 rather than the first) and we omit the details.
Finally, set P = P¯(p1,...,pk−1),(pk). Lemma 5.11 implies dimHomP
(
SignP, V +{λ,λ}
)
=
HomP
(
SignP, V −{λ,λ}
)
= 12 HomP
(
SignP, V{λ,λ}
)
and the statement follows from
(5.11). 
5.4. Recovering irreducible representations from sign signatures in type
D. In this section, we produce both an algorithm for recovering an irreducible
representation from its sign signature, and show a direct criterion for distinguishing
between different irreducible representations.
Proposition 5.13. Let V be an irreducible representation of Dn, we recall that
λ∗ and µ∗ denote the dual partitions of λ = [λ1, . . . , λk] and µ = [µ1, . . . , µk], and
we add zeros if necessary to ensure both µ and λ have the same number of entries.
Then V is computed using the following algorithm.
1. Compute
α1 = max
{
p1|P
+
(p1,... ),∅
∈ SignSig(V )
}
α2 = max
{
p2|P
+
(α1,p2,... ),∅
∈ SignSig(V )
}
...
αi = max
{
pi|P
+
(α1,...,αi−1,pi,... ),∅
∈ SignSig(V )
}
... .
Stop when
∑
αi = n. Set α = (α1, . . . , αk).
2. Compute
β1 = max
{
p1|P
−
(p1,... ),∅
∈ SignSig(V )
}
β2 = max
{
p2|P
−
(β1,p2,... ),∅
∈ SignSig(V )
}
...
βi = max
{
pi|P
−
(β1,...,βi−1,pi,... ),∅
∈ SignSig(V )
}
... .
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Stop when
∑
βi = n. Set β = (β1, . . . , βk).
3. Suppose α 6= β. If α > β in the lexicographic order then V equals V +
{α
∗
2 ,
α∗
2 }
.
Else V equals V −
{ β
∗
2 ,
β∗
2 }
. Stop.
4. Else α = β. Compute consecutively:
d1 = max{p1|P¯(... ),(p1) ∈ SignSig(V )}
d2 = max{p2|P¯(α1,... ),(p2) ∈ SignSig(V )}
...
di = max{pi¯|P(α1,...,αi−1,... ),(pi) ∈ SignSig(V )}
Stop computing the ds’s when some ds >
αs
2 for some index s; let s denote the first
index where that happens.
5. Compute consecutively:
fs+1 = max
{
p|P¯(α1,...,αs−1,p,... ),(ds) ∈ SignSig(V )
}
ds+1 = fs+1 + ds − αs
fs+2 = max
{
p|P¯(α1,...,αs−1,fs+1,p,... ),(ds) ∈ SignSig(V )
}
ds+2 = fs+2 + ds+1 − αs+1
...
fi = max
{
p|P¯(α1,...,αs−1,fs+1,...,fi−1,p,... ),(ds) ∈ SignSig(V )
}
di = fi + di−1 − αi−1
...
Stop when all di’s are obtained and then set ei = αi − di for all i.
The representation V equals V{δ∗,ǫ∗}, where δ = (d1, d2, . . . dk) and ǫ = (e1, e2, . . . ek).
Proof. The multiplicities of the sign representation of P±(p1,...,pk),∅ in V{λ,µ}, λ 6= µ
do not depend on the sign ±. Therefore if α 6= β then the representation is of the
form V ±{λ,λ}. If the sign is +, then (5.12) shows that the largest index p1 for which
P+(p1,...,),∅ is in the sign signature of V is 2λ
∗
1 and (5.13) shows that the largest index
p1 for which P
−
(p1,...,),∅
is in the sign signature of V is smaller than p1. Repeating
the same considerations consecutively for the indices p2, . . . justifies the “+” part
of Step 3. The “−” part of Step 3 is justified in a similar fashion and we omit the
details.
Now suppose that α = β and therefore the representation is of the form V{λ,µ},
µ 6= λ. The multiplicity formula (5.10) shows that for each i we have that αi = βi
equals the sum λ∗i + µ
∗
i . Furthermore (5.11) shows that the numbers di computed
in Step 4 measure max{µ∗i , λ
∗
i } for i ≤ s. The definition of s in Step 4 now implies
that s is the smallest index for which µ∗s 6= λ
∗
s . Suppose that µ
∗ > λ∗ in the
lexicographic order, i.e., µ∗s = ds. At the start of Step 5, the information known
about µ∗, λ∗ is summarized in the following figure.
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(5.16)
µ∗ λ∗
...
...


αi
2 = µ
∗
i = λ
∗
i
µ∗s > λ
∗
s
...
...
Consider the number fs+1 = max
{
p|P¯(α1,...,αs−1,p,... ),(ds) ∈ SignSig(V )
}
. Let P =
P(α1,...,αs−1,p,... ),(ds) be a parabolic at the time fs+1 is being computed. In order for
P to be in the sign signature of V we need to have a non-zero summandKλ∗,ξ′Kµ∗,ψ′
in (5.11). For such a summand, define ξ as the tuple obtained from ξ′ by shifting all
entries with indices larger than s one unit to the right and then placing the last in-
dex ξ′k in the s
th position. In other words, ξ = (ξ1, . . . ) =
(
ξ′1, . . . , ξ
′
s−1, ξ
′
k, ξ
′
s, . . .
)
.
Define ψ by shuffling the entries of ψ′ in a similar fashion. By Corollary 3.6
Kλ∗,ξ′Kµ∗,ψ′ = Kλ∗,ξKµ∗,ψ. The indexing conditions on the sum (5.11) imply
that either ξs = ds and ψs = 0 or ξs = 0 and ψs = ds. The equality ψs = ds is
impossible due to ds = µ
∗
s > λ
∗
s. This implies that Kλ∗,ξKµ∗,ψ is non-zero only if
the pair of shapes (5.16) is filled to a tableau as illustrated below.
µ∗ λ∗
1 1 1 1 1111
...
...
s− 1s− 1s− 1 s− 1s − 1s− 1


αi
2 = µ
∗
i = λ
∗
i
sµ∗s > λ
∗
s s s s+ 1s + 1
s+ 1s + 1
...
...
fs+1 equals the number of s + 1’s in the tableau above and so fs+1 = µ
∗
s+1 + λ
∗
s.
On the other hand we can compute λ∗s from µ
∗
s + λ
∗
s = αs, and so we get that
ds+1 = µ
∗
s+1 = fs+1 − (αs − µ
∗
s) = fs+1 − αs + ds.
Once we have computed ds+1 = µ
∗
s+1, we can carry out a similar procedure to
compute ds+2 and so on. This justifies Step 5 of the algorithm and completes the
proof. 
The following proposition is the type D analog of Proposition 4.14.
Proposition 5.14. The irreducible representations of Dn have different sign sig-
natures.
Proof. This proof can be regarded as an analysis of the algorithm given in Propo-
sition 5.13.
Case 1. Consider the representations V{λ,µ} and V{ν,σ}, λ
∗ 6= µ∗, ν∗ 6= σ∗,
{λ∗, µ∗} 6= {ν∗, σ∗}. Assume µ∗ > λ∗, σ∗ > ν∗, where > is the lexicographic order
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on partitions. Recall (5.11):
dimHomP
(
Sign P¯(p1,...,pk−1),(pk), V{λ,µ}
)
=
∑
α+β=(p1,...,pk)
αk=0 or βk=0
Kλ∗,αKµ∗,β.
Case 1.1. Suppose λ∗ + µ∗ 6= ν∗ + σ∗. Since the right hand sides of formulas
(5.10) and (4.25) are the same, an argument similar to Case 1 in the proof of
Proposition 4.14 proves the two representations have different sign signatures; we
omit the details.
Case 1.2. Suppose λ∗ + µ∗ = ν∗ + σ∗. Let t be the smallest index for which
λ∗t 6= µ
∗
t and lest s be the smallest index for which ν
∗
s 6= σ
∗
s .
Case 1.2.1. s 6= t, without loss suppose t < s. Therefore σ∗t = ν
∗
t =
1
2 (µ
∗
t + λ
∗
t );
together with µ∗t > λ
∗
t this implies that µ
∗
t > ν
∗
t = σ
∗
t . Set P =
P¯(µ∗1+λ∗1 ,...,µ∗t−1+λ∗t−1,µ∗t+1+λ∗t ,...,µ∗k+λ∗k−1,λ∗k),(µ∗t )
. We claim P is in the sign signa-
ture of V{λ,µ} but not in the sign signature of V{ν,σ}. Indeed, if we choose α =
(µ∗2, . . . , µ
∗
k, µ
∗
1) and β = λ, then the summand Kλ∗,αKµ∗,β in (5.11) equals one
(see Corollary 3.6) and so P is in the sign signature of V{λ,µ}. Since either αk = µ
∗
t
or βk = µ
∗
t and µ
∗
t > σ
∗
t = ν
∗
t , it follows that either Kν∗,α or Kσ∗,α is zero; in
particular the sum (5.11) is zero and our claim follows.
Case 1.2.2. s = t.
Case 1.2.2.1. Suppose µ∗t > σ
∗
t . Since σ
∗ > ν∗ and σ∗i = ν
∗
i for i < t it follows
that µ∗t > ν
∗
t . Now define P as in Case 1.2.1; the arguments of Case 1.2.1 apply
without change and it follows that P is in the sign signature of V{λ,µ} but not in
the sign signature of V{ν,σ}.
Case 1.2.2.2. Suppose µ∗t = σ
∗
t . Without loss assume that µ
∗ > σ∗ and let
r be the smallest index for which µ∗r 6= σ
∗
r . It follows that µ
∗
r > σ
∗
r . Set P =
P¯(µ∗1+λ∗1 ,...,µ∗t−1+λ∗t−1,µ∗t+1+λ∗t ,...,µ∗k+λ∗k−1,λ∗k),(µ∗t )
. Just as in Case 1.2.1, we get that
P is in the sign signature of V{λ,µ}; we claim it does not lie in the sign signature
of V{ν,σ}. Suppose on the contrary a summand Kσ∗,αKν∗,β in (5.11) is non-zero.
Reorder the entries of α by placing the last entry, αk, in the t
th position and shifting
the entries αt, . . . one unit to the right; call the new weight α
′. In other words, if
α = (α1, . . . , αt−1, αt, . . . , αk−1, αk) then set α
′ = (α1, . . . , αt−1, αk, αt, . . . , αk−1).
Define β′ by shuffling the entries of β in a similar fashion. Corollary 3.6 implies
that Kσ∗,αKν∗,β = Kσ∗,α′Kν∗,β′ , where the conditions on α and β correspond to
the requirement that {α′t, β
′
t} = {µ
∗
t , 0}.
Since the first t − 1 entries of α′ and β′ sum to the maximal possible value,
it follows that α′1 = σ
∗
1 , . . . , α
′
t−1 = σ
∗
t−1 and β
′
1 = ν
∗
1 , . . . , β
′
t−1 = ν
∗
t−1. It is
not possible that β′t = µ
∗
t as that would mean β
′
t = µ
∗
t > ν
∗
t which would make
Kν∗,β′ equal to zero. It follows that α
′
t = µ
∗
t and β
′
t = 0. It follows that α
′
t+1 ≤
σ∗t+1, β
′
t+1 ≤ ν
∗
t and α
′
t+1 + β
′
t+1 = µ
∗
t+1 + λ
∗
t . So long as t + 1 < r we have that
µ∗t+1 = σ
∗
t+1 and λ
∗
t = ν
∗
t . It follows that α
′
t+1 = σ
∗
t+1 and β
′
t = ν
∗
t . Now the
same argumentation applies consecutively to show that, so long as t < s < r − 1,
we have that α′s+1 = σ
∗
s+1 and β
′
s = ν
∗
s . Finally we get that α
′
r ≤ σ
∗
r < µ
∗
r
and β′r−1 ≤ ν
∗
r−1 = λ
∗
r−1. At the same time α
′
r + β
′
r−1 must equal µ
∗
r + λ
∗
r−1;
contradiction. This proves our claim and completes the investigation of Case 1.2.2.2.
Case 2. Consider the representations V{λ,µ} and V
±
{σ,σ}, λ
∗ 6= µ∗.
Case 2.1 Suppose λ+µ∗ 6= 2σ∗. This case is now similar to Case 1.1 and we omit
the details.
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Case 2.2. Suppose λ∗ + µ∗ = 2σ∗. Now let t be the smallest index for which
λ∗t 6= µ
∗
t . The rest of this case is treated similarly to Case 1.2.1 and we omit the
details.
Case 3. Consider the representations V ±{λ,λ} and V
±
{σ,σ}, λ
∗ 6= σ∗. This implies
that 2λ∗ 6= 2σ∗ and so a consideration similar to Case 1.1 shows that the two
representations have a different sign signature.
Case 4. Consider the representations V +{λ,λ} and V
−
{λ,λ}. We claim that P
+
2λ∗,∅ is
in the sign signature of V +{λ,λ} but not of V
−
{λ,λ}. Indeed, for this choice of parabolic,
(5.12) equals one as only the summand K2λ∗,λ∗ (obtained for α = β = λ
∗) is non-
zero. On the other hand all summands in (5.13) are zero and this proves our
claim. 
6. Special irreducible Representations and their τ-invariants
In this section we establish a one to one correspondence between special irre-
ducible representations of W and the list of τ -invariants used by the Atlas software
to identify irreducible Harish-Chandra modules.
Let GR be a real form of G defined over R. Denote by Gˆλ its classes of irreducible
admissible representations with infinitesimal regular integral character λ. Then
there is a standard procedure to equip Gˆλ with a set of W-graphs (Definition 2.1)
such that each connected component of each graph determines a representation of
W associated to a special nilpotent orbit (in the sense of Lusztig, see [2]). Each of
theseW-graphs is called a block and its connected components are called cells. Each
vertex of a cell corresponds to an irreducible Harish-Chandra module. Among all
blocks given by this construction, the largest by size (“the big block”) is guaranteed
to have each special nilpotent orbit of g attached to at least one of its cells.
We recall from Definition 2.1 that the τ -invariant of a vertex v is the set τ(v).
Definition 6.1. The τ -signature of a cell (or of its corresponding special nilpotent
orbit) is the collection of the τ -invariants of its vertices.
Theorem 6.2. Let V be a representation of W from a cell C of Harish-Chandra
modules corresponding to a special nilpotent orbit O and a special W -representation
σ(O). Then the τ-signature of C, or equivalently that of V , is determined by σ(O).
Proof. In the classical cases, Theorem 2.12 gives a correspondence between τ -
invariants and irreducible (and in particular, special) representations of W and
our statement follows from Corollaries 2.11 and 2.9.
In the exceptional cases we use the Atlas package. We compute the τ -signature
of each cell of the big block. In each case the number of distinct τ -signatures is
equal to the number of special nilpotent orbits in g; that is 46, 35, 17, 11, 3 for
E8, E7, E6, F4, and G2 respectively. The proof now follows from the Springer
correspondence. 
Example 6.3. The Atlas command wcell produces the following cell decomposition
for the big block of representations of the split real form of G2.
------------------------------------------
// Cells and their vertices.
#0={0}
#1={1,3,6,7,11}
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#2={2,4,5,8,10}
#3={9}
// Induced graph on cells.
#0:.
#1:->#0.
#2:->#0.
#3:->#1,#2.
// Individual cells.
// cell #0:
0[0]: {}
// cell #1:
0[1]: {2} --> 1
1[3]: {1} --> 0,2
2[6]: {2} --> 1,3
3[7]: {1} --> 2,4
4[11]: {2} --> 3
// cell #2:
0[2]: {1} --> 1
1[4]: {2} --> 0,2
2[5]: {1} --> 1,3
3[8]: {2} --> 2,4
4[10]: {1} --> 3
// cell #3:
0[9]: {1,2}
--------------------------------------
In this case we find four cells 0, 1, 2, and 3 with τ -signature respectively {},
{{1}, {2}}, {{1}, {2}}, and {{1, 2}}. Hence the number of distinct τ -signatures is
the same of that of special complex nilpotent orbits. Using Carter’s label we can
identify the corresponding three special nilpotent orbits G2, G2(a1) and 0. These
labels are taken from the book of Collingwood and McGovern [3].
7. Sign signatures and a generalization of Theorem 2.12
This section defines extended sign signatures of representations and shows that
they distinguish the irreducible representations of all simple Weyl groups.
As usual, we denote a simple complex Lie algebra by g. Fix a Cartan subalgebra
h ⊂ g and a corresponding root system ∆. Finally, select a set of positive roots in
∆. We recall that the group generated by the reflections with respect to the roots
in ∆ is the Weyl group of g and that all Weyl groups arise in this fashion. For
the rest of this section, we assume given data as above such that the root system
∆ generates the Weyl group W . We also assume that the Lie algebra g is simple,
hence so is W .
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Given a root α, we denote the reflection with respect to α by sα. Recall that
a simple basis of the root system determines the (vertices of) the Dynkin diagram
of g. For a simple Weyl group W , adjoining the lowest root of g to the Dynkin
diagram of g gives the extended Dynkin diagram of g. We will need the following
standard definitions.
Definition 7.1. LetW be the Weyl group of a simple g and H ⊂W be a subgroup.
(1) We say that H is a root reflection subgroup of W if it is generated by a set
of reflections sα1 , . . . , sαl with respect to roots α1, . . . , αl of g.
(2) We say that H is a parabolic subgroup if is it is a root reflection subgroup
for which we can choose the roots α1, . . . , αl to be a subset of some simple
basis of the root system.
(3) We say that H is a pseudo-parabolic subgroup if it is a root reflection sub-
group for which we can choose the roots α1, . . . , αl to be a subset of the
vertices of an extended Dynkin diagram of g.
We also need the notion of an additively closed root subsystem1.
Definition 7.2. Let Φ be a root system and let Ψ ⊂ Φ. We say that Ψ is an
additively closed root subsystem of Φ if:
(1) Ψ is a root system (with respect to the scalar product defining Φ) and
(2) Ψ is additively closed, that is, if α, β ∈ Ψ and α + β ∈ Φ then it follows
that α+ β ∈ Ψ.
Remark 7.3. In types A,D,E every subset of a root system which satisfies (1)
automatically satisfies (2). This fails in types B, C, F4 and G2: for example, in
type B2, the set Ψ = {±ε1,±ε2} satisfies (1) but not (2).
The additively closed root subsystems were classified, among other places, in [4].
For an additively closed root subsytem ∆, let H(∆) denote the subgroup of
W generated by the reflections with respect to the roots in ∆. Define the sign
representation SignH(∆) as the one-dimensional representation of H(∆) on which
each reflection sα, α ∈ ∆ acts by −1.
Definition 7.4. Let W be a Weyl group and V a representation of W .
(1) We define the extended sign signature of V to be the set of subgroups H
generated by reflections with respect to additively closed root subsystems
such that the restriction of V down to H contains a copy of the sign repre-
sentation of H .
(2) We define the pseudo sign signature of V to be the restriction of the ex-
tended sign signature of V to the pseudo-parabolic subgroups.
The sign signature of V is the restriction of the pseudo sign signature of V to
the parabolic subgroups.
Let ω be a root system automorphism of W , i.e., a linear map that preserves the
roots and their scalar products. The action of W on the root system gives a tool to
compute most of these automorphisms; we call such automorphisms inner. To get
all root system automorphisms, one extends the group of inner automorphisms by
the group of Dynkin diagram automorphisms. The Dynkin diagram automorphisms
1depending on the author, the shorter term “root subsystem” is used to denote a set satisfying
either just Definition 7.2.(1) or both Definition 7.2.(1) and (2). To avoid confusion we use the
verbose (but certainly unambiguous) terminology “additively closed root subsystem”.
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has two elements for An,n ≥ 2, Dn, n ≥ 5 and E6, and is the permutation group
of three elements for D4. All other simple types have only trivial Dynkin diagram
automorphisms. We call root system automorphisms that are not inner outer.
The map ω induces a natural group automorphism Ω :W →W . The representa-
tions V and VΩ may fail to be isomorphic if Ω permutes the conjugacy classes ofW ,
and indeed that happens in the case of the type Dn (n-even) representations V
±
{λ,λ}
with respect to the outer automorphism of Dn, however this is the only possible
example. Given a representation V of W , define VΩ as the same vector space but
equipped with action ·Ω given by g ·Ω (x) = Ω(g) · v.
As a side note we point out that not all group automorphisms of W arise from
root system automorphisms, for example automorphisms of W arising from swap-
ping long with short roots in B2 and F4 and automorphisms of the permutation
group S6 (type A5) that swap permutations of type (••) with permutations of type
(••)(••)(••).
Lemma 7.5. Let ω be a root system automorphism as defined in the preceding
remarks.
(1) Ω fails to preserve the conjugacy classes of W if and only if ω is an outer
root automorphism of order 2, W = Dn and n is even.
(2) If W 6= Dn, n-even and ∆ is an additively closed root subsystem then
dimHomH(∆) (SignH(∆), V ) = dimHomH(ω(∆)) (SignH(ω(∆)), V ).
We will apply this lemma only for W = G2, F4, E6, E7, E8, and so we give a
proof only in these cases.
Proof for W = G2, F4, E6, E7, E8. First, suppose we have already proved (1).
Ω is an automorphism and therefore maps the conjugacy classes of W onto one
another. Since W is exceptional, by (1) we have that Ω maps each conjugacy class
of W onto itself. This means that each element g ∈W has the same eigenvalues on
VΩ. It follows that VΩ ≃ V which implies (2).
We are now proving (1). If ω is an inner root system automorphism then Ω is
given by conjugation and the statement is immediate. This implies the statement
for G2, F4, E7, E8 as their root systems have no outer root automorphisms.
Up to conjugation, the root system of E6 has only one outer automorphism ω.
E6 has 51840 elements, split into 25 conjugacy classes. We represent each element
as a word of minimal length in the simple generators. We compute each conjugacy
class and select a representative element from each class. The action of ω on every
representative is then computed by relabeling the simple generators. The final
result is that ω preserves each conjugacy class of E6. The computation is carried
out using our software [6]. 
Remark 7.6. In a subsequent remark by D. Vogan, it was pointed out to us that
an alternative proof in the E6 can be obtained by inspecting the table of irreducible
characters of E6 and the fact that root systems preserve dimension and bχ, see [9,
page 413]
The following is a generalization of Theorem 2.12.
Theorem 7.7. Let g be a simple complex Lie algebra with Weyl group W .
(1) (Theorem 2.12)If g is classical, there is a one-to one correspondence between
the irreducible representations of W and their sign signatures.
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(2) If g is of type F4 or E6 (or classical), there is a one-to-one correspon-
dence between the irreducible representations of W and their pseudo sign
signatures.
(3) If g is arbitrary simple, there is a one-to one correspondence between the
irreducible representations of W and their extended sign signatures.
Part (1) was already proved; we handle the exceptional cases with the help of
computer.
More precisely, the proof of the theorem is carried out by inspection of Tables 5, 6,
7, 8, 9. The tables are laid out in a similar fashion to Table 4. The rows are labeled
by the irreducible representations of the ambient Weyl group W . The columns are
labeled by the additively closed root subsystems that generate the root reflection
subgroups of W . The column-dividing lines separate the additively closed root
subsystems arising from parabolic subgroups, pseudo-parabolic subgroups which
are not parabolic, and root reflection subgroups which are not pseudo-parabolic.
Finally, the entries of the tables give the multiplicities of the sign representation of
the root reflection subgroups in the restrictions of the irreducible representations
of W .
In view of Lemma 7.5 the sign multiplicities over a root reflection subgroup
depend only on the isomorphism class of the underlying additively closed root
subsystem, and so the data presented in our tables determines the extended sign
signature unambiguously.
We label the irreducible representations ofW following [2, Chapter 13] using the
expressions of the form φa,b. Here, a stands for the dimension of the representation
and b stands for the smallest polynomial degree needed to realize the representation
(see [2, page 411]). For the reader’s convenience, in the appendix we reproduce the
Weyl group representation notation for G2, F4 and E6, as specified by [2, Chapter
13] and extracted from the CHEVIE package of the computer algebra system GAP3
([8], [5]).
As implied by the statement of Theorem 7.7, the sign signature is not sufficient
to distinguish irreducible representations in the exceptional types. For example,
the sign representation multiplicity table of G2 (Table 5 below) reveals that the
two dimensional representations φ2,1 and φ2,2 share the same sign signature.
The tables were computed in the computer algebra system GAP 3 [5] using the
built-in functions of the CHEVIE package [8]. Example GAP 3 code for generating
the A1 column of the E8 table is given below.
SignSigValues := function(G,l)
local H;
H := ReflectionSubgroup(G,l);
return List(
Irr(G), chi -> Sum(
List(ConjugacyClasses(H), cc ->
Representative(cc)^chi *
(1-2*(CoxeterLength(G,Representative(cc)) mod 2)) *
Size(cc) / Size(H)
)
)
);
end;
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E8 := CoxeterGroup("E",8);
SignSigValues(E8, [1]);
The root reflection subgroup is computed by the ReflectionSubgroup function
from a list of roots. The root list is given by specifying the positions of the roots in
the root system: in the example above, the second argument of the last function,
[1], stands for the first (in the order used by CHEVIE) positive root of the root
system. To compute another column of the E8 table, one simply needs to replace
the list of indices of generating roots.
A list of the additively closed root subsystems of the exceptional Lie algebras can
be found in [4, Table 11]. We realize explicitly the generating roots for the additively
closed root subsystems using the “calculator project” in the programming language
C++, [6]. The final data processing and table generation were also done in C++.
Proof of Theorem 7.7. Combine the results of Sections 3, 4, 5 with inspection of
Tables 5, 6, 7, 8, 9. 
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8. Tables used in Section 7
T
A
U
S
IG
N
A
T
U
R
E
S
A
N
D
C
H
A
R
A
C
T
E
R
S
O
F
W
E
Y
L
G
R
O
U
P
S
4
5
8.1. G2. The following families of representations share the same sign signature. (φ2,1, φ2,2)
Table 5: Multiplicity of the sign representation over the classes of root subgroups. There
are 4 parabolic subgroup classes, 2 pseudo-parabolic subgroup classes that are not para-
bolic, and 0 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L̂1 L̂2
0 A1 A
3
1 G2 A2 A
3
1+
A1
φ1,6 1 1 1 1 1 1
φ′′1,3 1 0 1 0 0 0
φ′1,3 1 1 0 0 1 0
φ1,0 1 0 0 0 0 0
φ2,1 2 1 1 0 0 0
φ2,2 2 1 1 0 0 1
8.2. F4. The following families of representations share the same sign signature. (φ9,10, φ4,13), (φ12,4, φ16,5).
Table 6: Multiplicity of the sign representation over the classes of root subgroups. There
are 12 parabolic subgroup classes, 8 pseudo-parabolic subgroup classes that are not para-
bolic, and 4 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L̂1 L̂2 L̂3 L̂4 L̂5 L̂6 L̂7 L̂8 - - - -
Irrep label 0 A1 A
2
1 A2 B2 A
2
1+
A1
A22 B3 A
2
1+
A2
A22+
A1
C3 F4 2A1 B2+
A1
A3 A
2
1+
2A1
B4 A
2
1+
A3
A22+
A2
C3+
A1
3A1 4A1 B2+
2A1
D4
φ1,0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ′′1,12 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ′1,12 1 1 0 1 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 1 0 1
φ1,24 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ′′2,4 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ′2,16 2 2 1 2 1 1 0 1 1 0 0 0 2 1 2 1 1 1 0 0 2 2 1 2
φ′2,4 2 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0
φ′′2,16 2 1 2 0 1 1 2 0 0 1 1 0 1 1 0 1 0 0 0 1 1 1 1 0
φ4,8 4 2 2 0 1 1 0 0 0 0 0 0 2 1 0 1 0 0 0 0 2 2 1 0
φ9,2 9 3 3 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
φ′′9,6 9 3 6 0 1 2 3 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0
φ′9,6 9 6 3 3 1 2 0 0 1 0 0 0 4 1 1 1 0 0 0 0 3 3 1 0
φ9,10 9 6 6 3 3 4 3 1 2 2 1 0 4 2 1 3 0 1 1 1 3 3 2 0
φ′6,6 6 3 3 1 0 2 1 0 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0
φ′′6,6 6 3 3 1 1 1 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
φ12,4 12 6 6 2 1 3 2 0 1 1 0 0 2 0 0 1 0 0 0 0 0 0 0 0
φ4,1 4 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ′′4,7 4 1 3 0 0 1 2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ′4,7 4 3 1 2 0 1 0 0 1 0 0 0 2 0 1 1 0 1 0 0 1 0 0 0
φ4,13 4 3 3 2 2 2 2 1 1 1 1 0 2 1 1 1 0 0 0 0 1 0 0 0
φ′′8,3 8 2 4 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ′8,9 8 6 4 4 2 3 1 1 2 1 0 0 4 1 2 2 0 1 1 0 2 0 0 0
φ′8,3 8 4 2 1 0 1 0 0 0 0 0 0 2 0 0 1 0 0 0 0 1 0 0 0
4
6
F
O
L
Z
-D
O
N
A
H
U
E
,
J
A
C
K
S
O
N
,
M
IL
E
V
,
A
N
D
N
O
E¨
L
Table 6: Multiplicity of the sign representation over the classes of root subgroups. There
are 12 parabolic subgroup classes, 8 pseudo-parabolic subgroup classes that are not para-
bolic, and 4 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L̂1 L̂2 L̂3 L̂4 L̂5 L̂6 L̂7 L̂8 - - - -
Irrep label 0 A1 A
2
1 A2 B2 A
2
1+
A1
A22 B3 A
2
1+
A2
A22+
A1
C3 F4 2A1 B2+
A1
A3 A
2
1+
2A1
B4 A
2
1+
A3
A22+
A2
C3+
A1
3A1 4A1 B2+
2A1
D4
φ′′8,9 8 4 6 1 2 3 4 0 1 2 1 0 2 1 0 1 0 0 1 0 1 0 0 0
φ16,5 16 8 8 2 2 4 2 0 1 1 0 0 4 1 0 2 0 0 0 0 2 0 0 0
8.3. E6. The following families of representations share the same sign signature. (φ6,25, φ20,20), (φ60,8, φ80,7).
Table 7: Multiplicity of the sign representation over the classes of root subgroups. There
are 17 parabolic subgroup classes, 4 pseudo-parabolic subgroup classes that are not para-
bolic, and 0 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L13 L14 L15 L16 L17 L̂1 L̂2 L̂3 L̂4
Irrep label 0 A1 2A1 A2 3A1 A2+
A1
A3 A2+
2A1
2A2 A3+
A1
A4 D4 2A2+
A1
A4+
A1
A5 D5 E6 4A1 A3+
2A1
3A2 A5+
A1
φ1,0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1,36 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ10,9 10 5 3 1 2 1 0 1 1 0 0 0 1 0 0 0 0 1 0 1 0
φ6,1 6 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ6,25 6 5 4 4 3 3 3 2 2 2 2 2 1 1 1 1 0 2 1 0 0
φ20,10 20 10 4 4 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ15,5 15 5 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ15,17 15 10 6 6 3 3 3 1 1 1 1 1 0 0 0 0 0 1 0 0 0
φ15,4 15 5 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
φ15,16 15 10 7 5 5 4 2 3 3 2 1 0 2 1 1 0 0 4 2 1 1
φ20,2 20 5 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ20,20 20 15 11 10 8 7 6 5 4 4 3 3 3 2 1 1 0 6 3 2 1
φ24,6 24 10 4 2 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
φ24,12 24 14 8 6 5 3 2 2 1 1 0 1 1 0 0 0 0 4 1 1 0
φ30,3 30 10 3 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ30,15 30 20 13 11 8 7 5 4 4 3 2 1 2 1 1 0 0 4 1 1 0
φ60,8 60 30 16 8 9 5 1 3 2 1 0 0 1 0 0 0 0 6 1 0 0
φ80,7 80 40 20 12 10 6 2 3 2 1 0 0 1 0 0 0 0 4 0 0 0
φ90,8 90 45 21 15 9 6 3 2 1 1 0 0 0 0 0 0 0 3 0 0 0
φ60,5 60 25 11 4 5 2 0 1 0 0 0 0 0 0 0 0 0 2 0 0 0
φ60,11 60 35 21 14 13 9 4 6 4 3 1 0 3 1 0 0 0 8 2 2 0
φ64,4 64 24 8 4 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ64,13 64 40 24 20 14 11 8 6 4 4 2 2 2 1 0 0 0 8 2 0 0
φ81,6 81 36 15 9 6 3 1 1 0 0 0 0 0 0 0 0 0 3 0 0 0
φ81,10 81 45 24 18 12 9 5 4 3 2 1 0 1 0 0 0 0 6 1 0 0
8.4. E7. The following families of representations share the same sign signature. (φ7,46, φ27,37), (φ35,31, φ56,30), (φ105,26, φ168,21), (φ120,25 , φ189,22), (φ216,9, φ405,8), (φ280,8, φ315,7),
(φ280,17 , φ315,16), (φ512,12, φ512,11).
The following families of representations share the same pseudo sign signature. (φ512,12 , φ512,11).
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Table 8: Multiplicity of the sign representation over the classes of root subgroups. There
are 32 parabolic subgroup classes, 12 pseudo-parabolic subgroup classes that are not par-
abolic, and 3 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L13 L14 L15 L16 L17 L18 L19 L20 L21 L22 L23 L24 L25
Irrep label 0 A1 2A1 A2 3A1 3A1 A2+
A1
A3 4A1 A2+
2A1
2A2 A3+
A1
A3+
A1
A4 D4 A2+
3A1
2A2+
A1
A3+
2A1
A3+
A2
A4+
A1
D4+
A1
A5 A5 D5 A3+
A2+
A1
φ1,0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1,63 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ7,46 7 6 5 5 4 4 4 4 3 3 3 3 3 3 3 2 2 2 2 2 2 2 2 2 1
φ7,1 7 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ15,28 15 10 7 5 5 4 4 2 3 3 3 2 1 1 0 2 2 1 2 1 0 1 0 0 1
φ15,7 15 5 2 0 1 2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ21,6 21 6 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ21,33 21 15 10 10 6 6 6 6 3 3 3 3 3 3 3 1 1 1 1 1 1 1 1 1 0
φ21,36 21 16 12 11 9 8 8 7 6 6 5 5 4 4 4 4 4 3 3 3 2 2 1 2 2
φ21,3 21 5 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ27,2 27 6 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ27,37 27 21 16 15 12 12 11 10 9 8 7 7 7 6 6 6 5 5 4 4 4 3 3 3 3
φ35,22 35 20 10 10 4 4 4 4 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
φ35,13 35 15 5 5 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ35,4 35 10 3 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ35,31 35 25 18 15 13 14 11 8 10 8 7 6 7 4 3 6 5 5 4 3 3 2 3 1 3
φ56,30 56 40 28 25 19 20 17 14 13 11 10 9 10 7 6 7 6 6 5 4 4 3 4 2 3
φ56,3 56 16 4 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ70,18 70 40 24 15 15 16 10 4 10 7 5 3 4 1 0 5 4 3 2 1 0 0 1 0 2
φ70,9 70 30 14 5 7 6 3 0 3 2 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0
φ84,12 84 40 20 10 10 8 6 1 4 3 3 1 0 0 0 1 1 0 1 0 0 0 0 0 0
φ84,15 84 44 24 14 14 16 8 3 10 5 3 2 3 0 1 4 2 2 1 0 1 0 0 0 1
φ105,26 105 70 45 40 28 28 24 20 17 14 11 11 11 8 8 8 6 6 4 4 4 2 2 2 2
φ105,5 105 35 10 5 2 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ105,6 105 40 16 5 7 8 2 0 4 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
φ105,21 105 65 41 30 26 25 20 11 16 13 11 8 7 4 1 8 7 5 5 3 1 2 1 0 3
φ105,12 105 50 23 15 11 8 6 3 4 3 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0
φ105,15 105 55 28 20 13 16 10 5 6 4 4 2 4 1 0 1 1 1 1 0 0 0 1 0 0
φ120,4 120 40 12 5 3 4 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ120,25 120 80 52 45 33 32 28 22 20 17 14 13 12 9 8 10 8 7 6 5 4 3 2 2 3
φ168,6 168 64 24 10 8 8 4 0 2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ168,21 168 104 64 50 40 40 30 20 26 19 13 12 12 6 6 13 9 8 5 4 4 1 1 1 4
φ189,10 189 84 34 24 12 12 8 4 3 2 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
φ189,17 189 105 55 45 27 27 21 15 12 9 6 6 6 3 3 3 2 2 1 1 1 0 0 0 0
φ189,22 189 120 76 60 48 48 38 25 30 24 19 16 16 9 6 15 12 10 8 6 4 3 3 1 5
φ189,5 189 69 25 9 9 9 3 0 3 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ189,20 189 114 67 54 39 36 30 21 21 17 12 11 9 6 6 9 7 5 4 3 2 1 0 1 2
φ189,7 189 75 28 15 9 12 5 1 3 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
φ210,6 210 80 28 15 9 8 4 1 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ210,21 210 130 78 65 45 46 37 27 25 20 16 14 15 9 7 10 8 7 5 4 3 2 3 1 2
φ210,10 210 100 50 25 26 28 14 3 15 8 5 2 3 0 0 5 3 2 1 0 0 0 0 0 1
φ210,13 210 110 60 35 34 32 21 7 19 13 9 5 4 1 0 8 6 3 3 1 0 0 0 0 2
φ216,16 216 120 68 45 39 36 27 12 21 16 12 8 6 3 0 9 7 4 4 2 0 1 0 0 2
φ216,9 216 96 44 21 21 24 10 2 12 5 2 1 2 0 0 3 1 1 0 0 0 0 0 0 0
φ280,18 280 160 88 70 46 48 36 24 24 17 13 11 12 6 4 8 5 5 3 2 2 1 1 0 1
φ280,9 280 120 48 30 18 16 10 4 6 3 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0
φ280,8 280 120 52 25 23 20 11 2 9 5 2 1 0 0 0 2 1 0 0 0 0 0 0 0 0
φ280,17 280 160 92 65 53 56 38 20 32 22 16 12 14 5 2 13 9 8 5 3 2 1 2 0 3
φ315,16 315 180 102 75 57 60 42 24 33 23 17 13 15 6 3 13 9 8 5 3 2 1 2 0 3
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Table 8: Multiplicity of the sign representation over the classes of root subgroups. There
are 32 parabolic subgroup classes, 12 pseudo-parabolic subgroup classes that are not par-
abolic, and 3 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L13 L14 L15 L16 L17 L18 L19 L20 L21 L22 L23 L24 L25
Irrep label 0 A1 2A1 A2 3A1 3A1 A2+
A1
A3 4A1 A2+
2A1
2A2 A3+
A1
A3+
A1
A4 D4 A2+
3A1
2A2+
A1
A3+
2A1
A3+
A2
A4+
A1
D4+
A1
A5 A5 D5 A3+
A2+
A1
φ315,7 315 135 57 30 24 21 12 3 9 5 2 1 0 0 0 2 1 0 0 0 0 0 0 0 0
φ336,14 336 176 88 66 42 40 30 18 18 13 8 7 6 3 2 5 3 2 1 1 0 0 0 0 0
φ336,11 336 160 72 50 30 32 20 10 12 7 4 3 4 1 0 2 1 1 0 0 0 0 0 0 0
φ378,14 378 204 110 75 60 60 40 20 33 22 14 11 11 3 3 12 8 6 4 2 2 0 0 0 2
φ378,9 378 174 80 45 36 36 21 6 15 9 6 3 3 0 0 3 2 1 1 0 0 0 0 0 0
φ405,8 405 180 78 45 33 36 18 6 15 7 3 2 3 0 0 3 1 1 0 0 0 0 0 0 0
φ405,15 405 225 123 90 66 63 48 27 33 25 18 14 12 6 3 12 9 6 5 3 1 1 0 0 2
φ420,10 420 200 92 60 40 40 26 11 16 10 7 4 4 1 0 3 2 1 1 0 0 0 0 0 0
φ420,13 420 220 112 80 56 56 38 21 28 18 11 9 9 3 3 9 5 4 2 1 1 0 0 0 1
φ512,12 512 256 128 80 64 64 40 16 32 20 12 8 8 2 0 10 6 4 2 1 0 0 0 0 1
φ512,11 512 256 128 80 64 64 40 16 32 20 12 8 8 2 0 10 6 4 2 1 0 0 0 0 1
L26 L27 L28 L29 L30 L31 L32 L̂1 L̂2 L̂3 L̂4 L̂5 L̂6 L̂7 L̂8 L̂9 L̂10 L̂11 L̂12 - - -
Irrep label A4+
A2
A5+
A1
D5+
A1
A6 D6 E6 E7 4A1 5A1 A3+
2A1
3A2 A3+
3A1
2A3 D4+
2A1
A5+
A1
2A3+
A1
A5+
A2
D6+
A1
A7 6A1 7A1 D4+
3A1
φ1,0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1,63 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ7,46 1 1 1 1 1 1 0 3 2 2 1 1 1 1 1 0 0 0 0 1 0 0
φ7,1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ15,28 1 0 0 1 0 0 0 4 2 2 1 1 2 0 1 1 0 0 1 1 0 0
φ15,7 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 1 1 0
φ21,6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ21,33 0 0 0 0 0 0 0 3 1 1 0 0 0 0 0 0 0 0 0 0 0 0
φ21,36 2 1 1 1 0 1 0 7 4 4 3 2 2 1 2 1 1 0 1 2 0 0
φ21,3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ27,2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ27,37 2 2 2 1 1 1 0 9 7 5 3 4 2 3 2 2 1 1 0 6 6 3
φ35,22 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ35,13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ35,4 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ35,31 2 2 1 1 1 0 0 10 8 5 3 4 3 3 2 2 1 1 1 7 7 3
φ56,30 2 2 1 1 1 0 0 12 8 5 3 3 2 2 1 1 1 0 0 4 0 0
φ56,3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ70,18 1 1 0 0 0 0 0 9 6 2 3 2 1 0 0 1 1 0 0 3 0 0
φ70,9 0 0 0 0 0 0 0 3 1 0 1 0 0 0 0 0 0 0 0 0 0 0
φ84,12 0 0 0 0 0 0 0 6 2 1 0 0 1 0 0 0 0 0 0 1 0 0
φ84,15 0 0 0 0 0 0 0 10 8 2 1 2 1 1 0 1 0 0 0 7 7 1
φ105,26 1 1 1 0 0 0 0 17 10 6 2 3 1 2 1 0 0 0 0 5 0 0
φ105,5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ105,6 0 0 0 0 0 0 0 3 2 0 0 0 0 0 0 0 0 0 0 1 0 0
φ105,21 2 1 0 1 0 0 0 16 10 5 4 3 2 1 1 1 1 0 0 7 7 1
φ105,12 0 0 0 0 0 0 0 7 2 1 1 0 0 0 0 0 0 0 0 1 0 0
φ105,15 0 0 0 0 0 0 0 6 2 1 0 0 1 0 0 0 0 0 0 0 0 0
φ120,4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ120,25 2 1 1 1 0 0 0 20 12 7 3 4 2 2 1 1 0 0 0 8 8 2
φ168,6 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ168,21 2 1 1 0 0 0 0 26 18 8 5 6 2 3 1 2 1 0 0 14 14 3
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L26 L27 L28 L29 L30 L31 L32 L̂1 L̂2 L̂3 L̂4 L̂5 L̂6 L̂7 L̂8 L̂9 L̂10 L̂11 L̂12 - - -
Irrep label A4+
A2
A5+
A1
D5+
A1
A6 D6 E6 E7 4A1 5A1 A3+
2A1
3A2 A3+
3A1
2A3 D4+
2A1
A5+
A1
2A3+
A1
A5+
A2
D6+
A1
A7 6A1 7A1 D4+
3A1
φ189,10 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ189,17 0 0 0 0 0 0 0 12 4 2 0 0 0 0 0 0 0 0 0 0 0 0
φ189,22 3 2 1 1 0 0 0 30 18 10 6 6 3 2 2 2 1 0 0 9 0 0
φ189,5 0 0 0 0 0 0 0 3 1 0 0 0 0 0 0 0 0 0 0 0 0 0
φ189,20 1 0 0 0 0 0 0 24 12 7 3 3 2 1 1 1 0 0 0 6 0 0
φ189,7 0 0 0 0 0 0 0 3 1 0 0 0 0 0 0 0 0 0 0 0 0 0
φ210,6 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ210,21 1 1 0 0 0 0 0 25 13 7 3 3 1 1 1 0 0 0 0 7 7 1
φ210,10 0 0 0 0 0 0 0 13 8 1 1 1 0 0 0 0 0 0 0 4 0 0
φ210,13 1 0 0 0 0 0 0 19 11 3 3 2 1 0 0 1 0 0 0 7 7 0
φ216,16 1 0 0 0 0 0 0 24 12 6 3 3 2 0 1 1 0 0 0 6 0 0
φ216,9 0 0 0 0 0 0 0 12 8 1 0 1 0 0 0 0 0 0 0 6 6 0
φ280,18 0 0 0 0 0 0 0 22 12 4 1 2 0 1 0 0 0 0 0 6 0 0
φ280,9 0 0 0 0 0 0 0 6 2 0 0 0 0 0 0 0 0 0 0 0 0 0
φ280,8 0 0 0 0 0 0 0 12 4 1 0 0 0 0 0 0 0 0 0 2 0 0
φ280,17 1 1 0 0 0 0 0 32 20 8 3 5 2 2 1 1 0 0 0 14 14 2
φ315,16 1 1 0 0 0 0 0 30 18 6 3 4 1 1 0 1 0 0 0 9 0 0
φ315,7 0 0 0 0 0 0 0 9 3 0 0 0 0 0 0 0 0 0 0 0 0 0
φ336,14 0 0 0 0 0 0 0 20 8 3 0 1 0 0 0 0 0 0 0 4 0 0
φ336,11 0 0 0 0 0 0 0 12 4 1 0 0 0 0 0 0 0 0 0 0 0 0
φ378,14 1 0 0 0 0 0 0 33 18 6 3 3 1 1 0 0 0 0 0 9 0 0
φ378,9 0 0 0 0 0 0 0 15 5 1 0 0 0 0 0 0 0 0 0 0 0 0
φ405,8 0 0 0 0 0 0 0 12 6 0 0 0 0 0 0 0 0 0 0 3 0 0
φ405,15 1 0 0 0 0 0 0 33 15 6 3 2 1 0 0 0 0 0 0 6 6 0
φ420,10 0 0 0 0 0 0 0 16 6 1 0 0 0 0 0 0 0 0 0 3 0 0
φ420,13 0 0 0 0 0 0 0 28 14 4 1 2 0 0 0 0 0 0 0 7 7 0
φ512,12 0 0 0 0 0 0 0 32 16 4 2 2 0 0 0 0 0 0 0 8 0 0
φ512,11 0 0 0 0 0 0 0 32 16 4 2 2 0 0 0 0 0 0 0 8 8 0
8.5. E8. The following families of representations share the same sign signature. (φ35,74, φ84,64, φ8,91, φ112,63), (φ50,56, φ400,43), (φ210,52, φ700,42 , φ560,47), (φ300,44, φ160,55),
(φ567,46 , φ1344,38 , φ1400,37), (φ700,28 , φ4200,21), (φ840,26 , φ840,31), (φ972,12, φ3240,9), (φ972,32 , φ1575,34 , φ2268,30), (φ1050,10 , φ1400,8), (φ1050,34 , φ1400,32 , φ3240,31),
(φ1344,8 , φ1400,7), (φ3150,18 , φ4200,18 , φ4480,16 , φ7168,17), (φ2240,10 , φ1400,11), (φ2240,28 , φ1400,29), (φ4536,18, φ5670,18, φ5600,19), (φ3200,22, φ5600,21), (φ4096,12, φ4096,11),
(φ4096,26 , φ4200,24, φ4096,27, φ4536,23), (φ6075,22, φ2800,25) .
The following families of representations share the same pseudo sign signature. (φ1344,38 , φ1400,37), (φ4536,18, φ5670,18), (φ4096,12, φ4096,11), (φ4096,26, φ4096,27),
(φ4200,24 , φ4536,23).
Table 9: Multiplicity of the sign representation over the classes of root subgroups. There
are 41 parabolic subgroup classes, 26 pseudo-parabolic subgroup classes that are not par-
abolic, and 10 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L13 L14 L15 L16 L17 L18 L19 L20 L21 L22 L23 L24 L25
Irrep label 0 A1 2A1 A2 3A1 A2+
A1
A3 4A1 A2+
2A1
2A2 A3+
A1
A4 D4 A2+
3A1
2A2+
A1
A3+
2A1
A3+
A2
A4+
A1
D4+
A1
A5 D5 2A2+
2A1
A3+
A2+
A1
2A3 A4+
2A1
φ1,0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1,120 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ28,8 28 7 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ28,68 28 21 15 15 10 10 10 6 6 6 6 6 6 3 3 3 3 3 3 3 3 1 1 1 1
φ35,2 35 7 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ35,74 35 28 22 21 17 16 15 13 12 11 11 10 10 9 8 8 7 7 7 6 6 6 5 4 5
φ70,32 70 35 15 15 5 5 5 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
φ50,8 50 15 5 0 2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Table 9: Multiplicity of the sign representation over the classes of root subgroups. There
are 41 parabolic subgroup classes, 26 pseudo-parabolic subgroup classes that are not par-
abolic, and 10 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L13 L14 L15 L16 L17 L18 L19 L20 L21 L22 L23 L24 L25
Irrep label 0 A1 2A1 A2 3A1 A2+
A1
A3 4A1 A2+
2A1
2A2 A3+
A1
A4 D4 A2+
3A1
2A2+
A1
A3+
2A1
A3+
A2
A4+
A1
D4+
A1
A5 D5 2A2+
2A1
A3+
A2+
A1
2A3 A4+
2A1
φ50,56 50 35 25 20 18 15 10 13 11 10 8 5 3 8 7 6 6 4 3 3 1 5 4 4 3
φ84,4 84 21 5 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ84,64 84 63 47 42 35 31 26 26 23 20 19 15 14 17 15 14 12 11 10 8 7 11 9 7 8
φ168,24 168 84 44 24 24 14 4 14 8 6 3 0 1 5 3 2 2 0 1 0 0 2 1 1 0
φ175,12 175 70 30 10 14 5 0 7 3 1 0 0 0 2 1 0 0 0 0 0 0 1 0 0 0
φ175,36 175 105 65 45 41 30 15 26 20 16 11 5 1 13 11 8 7 4 1 2 0 7 5 4 3
φ210,4 210 63 17 6 4 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ210,52 210 147 101 90 68 60 50 45 39 34 32 25 23 25 21 20 17 15 14 11 9 13 10 8 9
φ420,20 420 210 110 60 60 35 10 34 21 14 7 1 0 13 9 5 4 1 0 0 0 6 3 2 1
φ300,8 300 105 35 15 10 5 0 2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ300,44 300 195 125 105 80 65 50 52 41 31 30 20 20 27 20 19 13 12 12 6 6 14 9 5 8
φ350,14 350 140 50 35 15 10 5 3 2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ350,38 350 210 120 105 65 55 45 33 27 21 21 15 15 12 9 9 6 6 6 3 3 3 2 1 2
φ525,12 525 210 80 45 29 15 5 9 5 2 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0
φ525,36 525 315 185 150 106 85 60 58 47 37 32 20 17 24 20 16 13 10 7 5 4 9 6 4 4
φ567,6 567 189 57 27 15 6 1 3 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ567,46 567 378 246 216 156 135 110 96 82 69 65 49 45 48 40 37 30 27 24 18 15 22 16 11 14
φ1134,20 1134 567 279 189 135 90 45 63 42 27 21 6 6 18 12 9 6 3 3 0 0 4 2 1 1
φ700,16 700 315 145 75 70 35 10 36 18 8 5 0 2 10 5 3 1 0 1 0 0 3 1 0 0
φ700,28 700 385 215 145 120 85 40 66 48 38 25 10 2 26 20 14 13 6 2 3 0 10 6 5 3
φ700,6 700 245 85 30 29 10 0 10 3 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
φ700,42 700 455 295 240 191 155 110 124 100 81 71 45 36 65 52 46 37 29 24 17 10 34 24 17 19
φ1400,20 1400 700 340 240 160 110 60 74 48 32 25 10 7 21 12 10 6 3 3 1 0 5 2 1 1
φ840,14 840 378 174 90 80 45 10 36 21 15 6 0 0 9 6 3 3 0 0 0 0 2 1 1 0
φ840,26 840 462 258 174 148 99 50 88 59 39 30 10 10 37 25 19 13 7 7 1 1 17 9 5 5
φ1680,22 1680 840 400 300 180 130 80 76 52 34 30 14 10 19 11 10 5 4 3 1 0 3 1 0 1
φ972,12 972 405 171 81 72 36 6 30 15 9 3 0 0 6 3 1 1 0 0 0 0 1 0 0 0
φ972,32 972 567 333 243 198 144 84 120 87 63 51 24 18 54 39 32 23 15 12 6 3 25 15 9 10
φ1050,10 1050 420 170 75 71 30 5 31 13 4 2 0 0 6 2 1 0 0 0 0 0 1 0 0 0
φ1050,34 1050 630 380 285 229 175 105 137 106 84 66 35 19 63 50 40 33 22 13 12 3 29 19 13 13
φ2100,20 2100 1050 510 360 240 165 90 108 73 48 37 15 12 30 20 14 9 5 3 1 1 7 3 1 1
φ1344,8 1344 504 184 84 64 29 4 20 9 4 1 0 0 2 1 0 0 0 0 0 0 0 0 0 0
φ1344,38 1344 840 520 420 320 255 180 196 155 120 107 66 56 94 73 64 48 39 32 20 14 44 29 18 23
φ2688,20 2688 1344 672 432 336 216 96 168 108 68 48 16 4 54 34 24 14 8 2 2 0 17 7 2 4
φ1400,8 1400 560 220 110 86 40 10 34 15 5 3 0 0 6 2 1 0 0 0 0 0 1 0 0 0
φ1400,32 1400 840 500 390 294 230 150 170 133 105 87 50 34 75 59 49 39 28 19 15 6 32 21 14 15
φ1575,10 1575 630 240 135 87 45 15 30 14 5 4 0 0 4 1 1 0 0 0 0 0 0 0 0 0
φ1575,34 1575 945 555 450 318 255 180 177 140 110 97 60 48 74 57 50 38 30 24 16 9 28 18 11 14
φ3150,18 3150 1575 795 495 405 255 105 207 133 85 56 15 6 69 46 30 20 9 3 1 0 24 11 5 5
φ2100,16 2100 945 405 270 163 105 50 60 37 22 16 5 2 11 6 4 2 1 0 0 0 1 0 0 0
φ2100,28 2100 1155 615 480 317 240 160 158 116 82 73 40 34 54 37 32 20 16 13 6 4 16 8 3 6
φ4200,18 4200 2100 1060 660 540 340 140 278 176 114 75 20 9 92 59 40 27 11 6 2 0 31 14 7 6
φ2240,10 2240 952 408 204 176 89 20 76 39 20 9 0 0 17 9 4 2 0 0 0 0 4 1 0 0
φ2240,28 2240 1288 744 540 432 315 180 252 185 136 107 50 32 109 81 64 48 31 20 12 4 48 29 18 19
φ4480,16 4480 2240 1120 720 560 360 160 280 180 116 80 24 12 90 58 40 26 12 6 2 0 29 13 6 6
φ2268,10 2268 945 381 216 147 81 26 54 28 15 8 1 0 9 4 2 1 0 0 0 0 1 0 0 0
φ2268,30 2268 1323 759 594 429 330 220 240 181 135 117 66 54 99 72 62 44 33 27 15 9 39 23 13 17
φ4536,18 4536 2268 1116 756 540 360 180 258 168 108 81 30 15 78 48 36 21 12 6 3 0 22 9 3 5
φ2835,14 2835 1323 627 351 303 171 55 150 86 48 28 5 0 45 26 15 8 3 0 0 0 15 5 1 2
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Table 9: Multiplicity of the sign representation over the classes of root subgroups. There
are 41 parabolic subgroup classes, 26 pseudo-parabolic subgroup classes that are not par-
abolic, and 10 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L13 L14 L15 L16 L17 L18 L19 L20 L21 L22 L23 L24 L25
Irrep label 0 A1 2A1 A2 3A1 A2+
A1
A3 4A1 A2+
2A1
2A2 A3+
A1
A4 D4 A2+
3A1
2A2+
A1
A3+
2A1
A3+
A2
A4+
A1
D4+
A1
A5 D5 2A2+
2A1
A3+
A2+
A1
2A3 A4+
2A1
φ2835,22 2835 1512 816 540 444 300 140 243 167 117 81 30 9 93 66 47 34 18 6 6 0 37 20 11 11
φ5670,18 5670 2835 1395 945 675 450 225 321 210 135 102 36 21 96 60 45 27 15 9 3 0 26 11 4 6
φ3200,16 3200 1520 720 440 336 210 80 152 96 64 38 10 0 41 27 16 12 4 0 1 0 10 4 2 1
φ3200,22 3200 1680 880 600 464 310 160 248 164 104 82 30 24 89 57 44 26 16 12 3 2 32 15 6 9
φ4096,12 4096 1792 768 448 320 184 64 128 72 40 24 4 0 26 14 8 4 1 0 0 0 4 1 0 0
φ4096,26 4096 2304 1280 960 704 520 320 384 280 200 168 84 64 150 106 88 60 43 32 16 8 56 31 16 22
φ4200,12 4200 1890 850 480 382 215 70 172 96 53 31 5 0 43 23 14 7 2 0 0 0 10 3 1 1
φ4200,24 4200 2310 1270 900 698 495 270 384 272 193 149 65 38 150 106 82 58 36 22 13 3 59 32 17 20
φ6075,14 6075 2835 1305 810 594 360 150 267 159 90 63 15 9 69 39 26 13 6 3 0 0 16 5 1 2
φ6075,22 6075 3240 1710 1215 891 630 345 456 321 225 174 75 45 159 111 85 59 36 21 12 3 52 27 14 16
φ8,1 8 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ8,91 8 7 6 6 5 5 5 4 4 4 4 4 4 3 3 3 3 3 3 3 3 2 2 2 2
φ56,19 56 21 6 6 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ56,49 56 35 20 20 10 10 10 4 4 4 4 4 4 1 1 1 1 1 1 1 1 0 0 0 0
φ112,3 112 28 6 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ112,63 112 84 62 57 45 41 36 32 29 26 25 21 20 20 18 17 15 14 13 11 10 12 10 8 9
φ160,7 160 48 12 6 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ160,55 160 112 76 70 50 45 40 32 28 24 24 20 20 17 14 14 11 11 11 8 8 8 6 4 6
φ448,25 448 224 104 84 44 34 24 16 12 8 8 4 4 3 2 2 1 1 1 0 0 0 0 0 0
φ400,7 400 140 50 15 19 5 0 8 2 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
φ400,43 400 260 170 135 111 90 60 72 59 50 41 25 16 38 32 27 24 17 12 11 4 20 15 12 11
φ448,9 448 168 64 24 24 10 0 8 4 2 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
φ448,39 448 280 176 136 112 86 56 72 56 42 36 20 16 37 29 24 18 14 10 6 4 20 13 8 10
φ560,5 560 182 56 20 16 5 0 4 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ560,47 560 378 252 216 166 141 110 108 91 76 70 50 44 58 48 44 36 31 27 20 15 30 22 16 19
φ1344,19 1344 672 344 204 180 110 40 96 60 40 24 4 4 33 22 14 11 3 3 0 0 12 6 4 2
φ840,13 840 357 148 84 58 34 10 20 12 8 4 0 0 3 2 1 1 0 0 0 0 0 0 0 0
φ840,31 840 483 274 210 155 115 75 88 64 44 40 20 20 36 25 22 14 11 11 3 3 14 8 4 6
φ1008,9 1008 378 132 72 42 21 6 12 5 2 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
φ1008,39 1008 630 384 324 228 189 144 132 107 86 79 54 48 59 46 42 32 27 24 16 12 24 16 10 13
φ2016,19 2016 1008 516 306 270 165 60 144 91 58 35 9 0 51 34 21 14 6 0 1 0 20 9 4 4
φ1296,13 1296 540 210 135 75 45 20 24 13 6 5 1 0 3 1 1 0 0 0 0 0 0 0 0 0
φ1296,33 1296 756 426 351 231 186 136 120 94 72 66 42 36 45 33 30 21 18 15 9 6 14 8 4 7
φ1400,11 1400 595 260 120 118 55 10 56 27 12 5 0 0 14 7 3 1 0 0 0 0 4 1 0 0
φ1400,29 1400 805 470 330 277 200 105 164 121 92 67 30 12 73 56 42 34 20 9 9 1 34 21 14 13
φ1400,7 1400 525 190 90 65 30 5 20 9 4 1 0 0 2 1 0 0 0 0 0 0 0 0 0 0
φ1400,37 1400 875 540 440 330 265 190 200 159 124 111 70 60 95 74 65 49 40 33 21 15 44 29 18 23
φ2400,17 2400 1140 520 360 228 150 80 96 60 34 29 10 8 23 12 10 4 3 2 0 0 4 1 0 1
φ2400,23 2400 1260 640 480 312 230 140 144 104 74 61 30 20 43 30 24 16 11 7 4 1 10 5 2 3
φ2800,13 2800 1260 550 345 233 140 60 96 55 30 21 5 4 21 11 7 3 1 1 0 0 4 1 0 0
φ2800,25 2800 1540 830 625 437 325 200 224 164 120 98 50 36 80 57 46 33 22 15 9 4 26 14 8 9
φ5600,19 5600 2800 1380 930 670 445 220 320 209 134 101 35 20 96 60 45 27 15 9 3 0 26 11 4 6
φ3240,9 3240 1323 534 270 213 105 25 84 40 18 9 0 0 15 6 3 1 0 0 0 0 2 0 0 0
φ3240,31 3240 1917 1128 864 660 504 320 384 292 222 185 100 72 168 127 106 80 57 42 27 12 72 45 28 32
φ3360,13 3360 1512 676 390 302 170 60 136 75 38 25 5 0 34 17 11 4 2 0 0 0 8 2 0 1
φ3360,25 3360 1848 1012 726 550 396 220 296 213 154 119 55 28 113 81 63 45 29 15 12 2 42 23 12 15
φ7168,17 7168 3584 1792 1152 896 576 256 448 288 184 128 40 16 144 92 64 40 20 8 4 0 46 20 8 10
φ4096,11 4096 1792 768 448 320 184 64 128 72 40 24 4 0 26 14 8 4 1 0 0 0 4 1 0 0
φ4096,27 4096 2304 1280 960 704 520 320 384 280 200 168 84 64 150 106 88 60 43 32 16 8 56 31 16 22
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Table 9: Multiplicity of the sign representation over the classes of root subgroups. There
are 41 parabolic subgroup classes, 26 pseudo-parabolic subgroup classes that are not par-
abolic, and 10 non-pseudo-parabolic subgroup classes.
L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12 L13 L14 L15 L16 L17 L18 L19 L20 L21 L22 L23 L24 L25
Irrep label 0 A1 2A1 A2 3A1 A2+
A1
A3 4A1 A2+
2A1
2A2 A3+
A1
A4 D4 A2+
3A1
2A2+
A1
A3+
2A1
A3+
A2
A4+
A1
D4+
A1
A5 D5 2A2+
2A1
A3+
A2+
A1
2A3 A4+
2A1
φ4200,15 4200 1995 950 570 457 270 105 224 131 74 50 10 8 66 37 25 13 5 4 0 0 20 7 2 3
φ4200,21 4200 2205 1160 780 608 415 200 316 217 154 108 40 16 111 78 56 42 21 10 7 0 38 20 12 10
φ4536,13 4536 2079 960 540 444 255 80 204 119 72 39 6 0 54 33 18 12 3 0 0 0 14 5 2 1
φ4536,23 4536 2457 1338 918 735 504 259 408 281 192 145 56 36 159 110 83 57 33 21 9 3 64 34 18 20
φ5600,15 5600 2660 1240 800 564 360 160 248 156 98 67 20 8 64 39 26 16 7 2 1 0 14 5 2 2
φ5600,21 5600 2940 1520 1080 776 540 300 392 268 178 143 60 44 132 87 68 42 27 19 7 3 42 20 8 12
L26 L27 L28 L29 L30 L31 L32 L33 L34 L35 L36 L37 L38 L39 L40 L41 L̂1 L̂2 L̂3 L̂4 L̂5 L̂6 L̂7 L̂8 L̂9
Irrep label A4+
A2
D4+
A2
A5+
A1
D5+
A1
A6 D6 E6 A4+
A2+
A1
A4+
A3
D5+
A2
A6+
A1
E6+
A1
A7 D7 E7 E8 4A1 5A1 A3+
2A1
A2+
4A1
3A2 A3+
3A1
2A3 D4+
2A1
A5+
A1
φ1,0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1,120 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ28,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ28,68 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 6 3 3 1 1 1 1 1 1
φ35,2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ35,74 4 4 4 4 3 3 3 3 2 2 2 2 1 1 1 0 13 10 8 7 5 6 4 5 4
φ70,32 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
φ50,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1 0 0 0 0 0 0 0
φ50,56 3 3 2 1 2 1 0 2 2 1 1 0 1 1 0 0 14 10 7 6 4 5 5 3 3
φ84,4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
φ84,64 7 6 6 5 4 3 3 5 4 3 3 2 2 1 1 0 27 20 15 13 10 11 8 8 7
φ168,24 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16 10 3 4 1 2 2 1 0
φ175,12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 3 0 1 1 0 0 0 0
φ175,36 3 1 2 0 1 0 0 2 2 0 1 0 1 0 0 0 25 16 7 8 7 5 3 1 1
φ210,4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ210,52 7 7 6 5 4 3 2 4 3 2 2 1 1 1 0 0 44 29 19 16 10 12 7 8 5
φ420,20 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 32 19 4 8 4 3 1 0 0
φ300,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0
φ300,44 5 5 4 4 1 1 1 4 2 2 1 1 0 0 0 0 52 35 19 19 10 13 5 8 4
φ350,14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0
φ350,38 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 33 15 9 4 2 3 1 2 1
φ525,12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 13 3 1 0 1 0 0 0 0
φ525,36 4 2 2 1 1 0 1 1 1 0 0 0 0 0 0 0 62 31 19 11 9 8 6 3 4
φ567,6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0
φ567,46 11 9 9 7 5 3 3 5 3 2 2 1 1 0 0 0 96 57 37 27 18 20 11 12 9
φ1134,20 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 63 27 9 6 3 3 1 1 0
φ700,16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 42 23 5 7 2 3 1 1 0
φ700,28 3 2 1 0 1 0 0 1 1 0 0 0 0 0 0 0 72 38 18 14 7 9 8 2 3
φ700,6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9 3 0 0 0 0 0 0 0
φ700,42 15 13 11 7 6 3 1 10 7 4 4 1 2 1 0 0 123 81 45 43 27 30 16 16 10
φ1400,20 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 72 34 9 10 2 4 0 1 0
φ840,14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 36 15 3 3 1 1 1 0 0
φ840,26 4 4 1 1 0 0 0 3 2 1 0 0 0 0 0 0 88 55 19 25 12 13 5 5 1
φ1680,22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 76 30 10 6 1 3 0 1 0
φ972,12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 36 15 3 3 0 1 1 0 0
φ972,32 7 6 4 2 1 1 0 5 3 1 1 0 0 0 0 0 126 78 36 36 18 23 12 10 6
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L26 L27 L28 L29 L30 L31 L32 L33 L34 L35 L36 L37 L38 L39 L40 L41 L̂1 L̂2 L̂3 L̂4 L̂5 L̂6 L̂7 L̂8 L̂9
Irrep label A4+
A2
D4+
A2
A5+
A1
D5+
A1
A6 D6 E6 A4+
A2+
A1
A4+
A3
D5+
A2
A6+
A1
E6+
A1
A7 D7 E7 E8 4A1 5A1 A3+
2A1
A2+
4A1
3A2 A3+
3A1
2A3 D4+
2A1
A5+
A1
φ1050,10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 35 16 2 3 0 1 0 0 0
φ1050,34 11 7 7 2 4 1 0 6 4 1 2 0 1 0 0 0 141 83 43 37 23 25 15 9 9
φ2100,20 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 116 49 18 12 5 6 3 1 1
φ1344,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 24 6 1 0 0 0 0 0 0
φ1344,38 17 13 12 8 5 2 2 10 6 3 3 1 1 0 0 0 200 122 67 58 34 40 20 20 14
φ2688,20 2 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 176 88 28 28 10 14 4 2 2
φ1400,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 30 12 0 2 0 0 0 0 0
φ1400,32 12 8 8 3 4 1 0 6 4 1 2 0 1 0 0 0 166 94 46 40 25 25 12 9 6
φ1575,10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 27 9 0 1 0 0 0 0 0
φ1575,34 10 8 7 4 3 1 0 4 2 1 1 0 0 0 0 0 174 93 48 36 21 23 10 10 6
φ3150,18 4 1 1 0 0 0 0 2 1 0 0 0 0 0 0 0 201 102 27 34 18 14 4 1 0
φ2100,16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 63 21 5 3 0 1 0 0 0
φ2100,28 3 2 2 1 0 0 0 1 0 0 0 0 0 0 0 0 161 77 34 24 10 14 4 5 3
φ4200,18 4 3 1 0 0 0 0 2 1 0 0 0 0 0 0 0 284 148 43 50 19 23 8 4 2
φ2240,10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 72 30 3 6 2 1 0 0 0
φ2240,28 15 10 8 3 3 0 0 9 6 2 2 0 1 0 0 0 248 146 61 64 36 37 16 12 6
φ4480,16 4 2 1 0 0 0 0 2 1 0 0 0 0 0 0 0 272 136 36 44 18 18 4 2 0
φ2268,10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 51 18 1 3 0 0 0 0 0
φ2268,30 11 9 7 4 2 1 0 6 3 1 1 0 0 0 0 0 237 132 60 54 27 32 12 13 6
φ4536,18 2 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 252 120 33 36 12 15 2 2 0
φ2835,14 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 147 75 14 24 9 8 1 0 0
φ2835,22 8 3 4 0 1 0 0 5 3 0 1 0 0 0 0 0 240 132 45 51 27 26 10 4 3
φ5670,18 3 2 1 0 0 0 0 1 0 0 0 0 0 0 0 0 315 147 42 42 15 18 3 3 0
φ3200,16 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 160 68 20 16 7 7 4 0 1
φ3200,22 5 3 2 1 0 0 0 3 1 0 0 0 0 0 0 0 256 140 48 52 21 27 8 8 3
φ4096,12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 128 48 8 8 2 2 0 0 0
φ4096,26 14 10 8 4 2 0 0 7 3 1 1 0 0 0 0 0 384 208 88 80 38 46 16 16 8
φ4200,12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 170 77 13 19 5 6 0 0 0
φ4200,24 14 9 7 2 2 0 0 8 4 1 1 0 0 0 0 0 382 211 81 83 42 45 16 12 7
φ6075,14 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 270 120 27 30 9 11 1 1 0
φ6075,22 11 6 5 1 1 0 0 4 2 0 0 0 0 0 0 0 459 228 87 75 36 40 15 9 6
φ8,1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ8,91 2 2 2 2 2 2 2 1 1 1 1 1 1 1 1 0 4 3 3 2 2 2 2 2 2
φ56,19 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ56,49 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 1 1 0 0 0 0 0 0
φ112,3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ112,63 8 7 7 6 5 4 4 5 4 3 3 2 2 1 1 0 32 22 17 13 11 11 8 8 7
φ160,7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ160,55 4 4 4 4 2 2 2 2 1 1 1 1 0 0 0 0 32 20 14 10 6 8 4 6 4
φ448,25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16 4 2 0 0 0 0 0 0
φ400,7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 8 4 0 1 0 0 0 0 0
φ400,43 10 8 7 3 5 2 0 6 5 2 3 0 2 1 0 0 72 46 27 24 17 17 12 8 7
φ448,9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 8 2 0 0 1 0 0 0 0
φ448,39 8 5 5 3 2 0 1 6 4 2 2 1 1 0 0 0 72 46 24 24 17 16 8 6 5
φ560,5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 1 0 0 0 0 0 0 0
φ560,47 15 13 12 9 7 4 3 9 6 4 4 2 2 1 0 0 108 69 44 36 24 27 16 16 12
φ1344,19 2 2 0 0 0 0 0 1 1 0 0 0 0 0 0 0 96 52 14 18 8 8 4 2 0
φ840,13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 20 5 1 0 0 0 0 0 0
φ840,31 4 4 2 2 0 0 0 2 1 1 0 0 0 0 0 0 88 50 22 20 10 12 4 6 2
φ1008,9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 12 3 0 0 0 0 0 0 0
φ1008,39 9 8 7 5 3 2 1 4 2 1 1 0 0 0 0 0 132 75 42 32 18 22 10 12 7
φ2016,19 3 0 1 0 0 0 0 2 1 0 0 0 0 0 0 0 144 78 21 29 15 13 4 0 1
φ1296,13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 24 6 1 0 0 0 0 0 0
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L26 L27 L28 L29 L30 L31 L32 L33 L34 L35 L36 L37 L38 L39 L40 L41 L̂1 L̂2 L̂3 L̂4 L̂5 L̂6 L̂7 L̂8 L̂9
Irrep label A4+
A2
D4+
A2
A5+
A1
D5+
A1
A6 D6 E6 A4+
A2+
A1
A4+
A3
D5+
A2
A6+
A1
E6+
A1
A7 D7 E7 E8 4A1 5A1 A3+
2A1
A2+
4A1
3A2 A3+
3A1
2A3 D4+
2A1
A5+
A1
φ1296,33 4 3 3 2 1 0 0 1 0 0 0 0 0 0 0 0 120 60 30 21 9 13 4 6 3
φ1400,11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 56 28 3 8 2 2 0 0 0
φ1400,29 11 6 6 1 3 0 0 7 5 1 2 0 1 0 0 0 164 97 42 44 26 26 14 6 6
φ1400,7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 20 5 0 0 0 0 0 0 0
φ1400,37 17 13 12 8 5 2 2 10 6 3 3 1 1 0 0 0 200 120 65 56 34 38 18 18 12
φ2400,17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 96 38 10 8 1 3 0 0 0
φ2400,23 2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 144 62 24 16 7 8 2 2 1
φ2800,13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 96 38 7 7 2 2 0 0 0
φ2800,25 6 4 3 1 1 0 0 2 1 0 0 0 0 0 0 0 224 112 46 38 17 21 8 6 3
φ5600,19 3 2 1 0 0 0 0 1 0 0 0 0 0 0 0 0 320 150 45 43 15 19 4 4 1
φ3240,9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 84 33 3 6 0 1 0 0 0
φ3240,31 24 18 15 7 6 2 0 13 8 3 3 0 1 0 0 0 384 222 106 96 54 60 28 24 15
φ3360,13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 136 62 11 16 4 5 0 0 0
φ3360,25 10 5 6 1 2 0 0 5 2 0 1 0 0 0 0 0 296 158 63 60 30 33 12 8 6
φ7168,17 6 2 2 0 0 0 0 3 1 0 0 0 0 0 0 0 448 224 64 72 28 32 8 4 2
φ4096,11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 128 48 8 8 2 2 0 0 0
φ4096,27 14 10 8 4 2 0 0 7 3 1 1 0 0 0 0 0 384 208 88 80 38 46 16 16 8
φ4200,15 1 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 224 112 25 34 11 13 2 2 0
φ4200,21 8 5 3 0 1 0 0 3 2 0 0 0 0 0 0 0 316 163 56 56 27 28 12 6 3
φ4536,13 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 204 93 18 24 9 8 2 0 0
φ4536,23 14 9 6 2 1 0 0 9 5 1 1 0 0 0 0 0 408 228 83 90 45 48 18 12 6
φ5600,15 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 248 104 26 24 8 9 2 0 0
φ5600,21 7 4 3 1 0 0 0 3 1 0 0 0 0 0 0 0 392 196 68 64 28 32 8 8 3
L̂10 L̂11 L̂12 L̂13 L̂14 L̂15 L̂16 L̂17 L̂18 L̂19 L̂20 L̂21 L̂22 L̂23 L̂24 L̂25 L̂26 - - - - - - - - - -
Irrep label 3A2+
A1
A3+
A2+
2A1
2A3+
A1
D4+
A3
A5+
2A1
A5+
A2
D5+
2A1
D6+
A1
A7 2A4 A5+
A2+
A1
D5+
A3
E6+
A2
A7+
A1
E7+
A1
A8 D8 6A1 7A1 A3+
4A1
D4+
3A1
8A1 4A2 2A3+
2A1
D4+
4A1
2D4 D6+
2A1
φ1,0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1,120 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ28,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ28,68 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
φ35,2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ35,74 4 4 3 2 3 2 3 2 1 1 2 1 1 1 1 0 0 8 7 5 4 7 3 3 4 1 2
φ70,32 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ50,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0
φ50,56 3 3 3 3 2 1 1 1 2 1 1 1 0 1 0 0 1 8 7 4 3 7 2 2 3 3 1
φ84,4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ84,64 7 7 6 4 5 4 4 3 3 2 3 2 1 2 1 1 1 16 14 9 7 14 4 5 7 3 3
φ168,24 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 8 7 2 1 7 1 1 1 1 0
φ175,12 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0
φ175,36 4 3 2 1 1 2 0 0 0 1 1 0 0 0 0 1 0 10 7 3 1 7 2 1 1 1 0
φ210,4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ210,52 6 6 4 3 3 2 3 1 0 1 1 1 0 0 0 0 0 19 14 8 5 14 2 3 5 2 1
φ420,20 3 2 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 11 7 2 0 7 2 1 0 0 0
φ300,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ300,44 8 7 4 2 3 2 3 1 0 1 2 1 1 0 0 0 0 25 20 10 6 20 6 4 6 1 1
φ350,14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ350,38 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0
φ525,12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
φ525,36 3 2 2 1 1 1 0 0 1 0 0 0 0 0 0 0 0 15 7 3 1 7 1 0 1 1 0
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L̂10 L̂11 L̂12 L̂13 L̂14 L̂15 L̂16 L̂17 L̂18 L̂19 L̂20 L̂21 L̂22 L̂23 L̂24 L̂25 L̂26 - - - - - - - - - -
Irrep label 3A2+
A1
A3+
A2+
2A1
2A3+
A1
D4+
A3
A5+
2A1
A5+
A2
D5+
2A1
D6+
A1
A7 2A4 A5+
A2+
A1
D5+
A3
E6+
A2
A7+
A1
E7+
A1
A8 D8 6A1 7A1 A3+
4A1
D4+
3A1
8A1 4A2 2A3+
2A1
D4+
4A1
2D4 D6+
2A1
φ567,6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ567,46 9 8 5 2 4 3 3 1 1 0 1 0 0 0 0 0 0 33 21 11 6 21 3 3 6 0 1
φ1134,20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9 0 0 0 0 0 0 0 0 0
φ700,16 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 17 14 3 1 14 0 1 1 0 0
φ700,28 3 3 3 2 1 0 0 0 1 0 0 0 0 0 0 0 0 22 14 5 2 14 0 1 2 2 0
φ700,6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
φ700,42 18 16 11 6 7 6 5 2 1 3 4 2 1 1 0 1 0 55 42 21 12 42 10 8 12 3 2
φ1400,20 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16 7 2 0 7 1 0 0 0 0
φ840,14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0
φ840,26 9 7 4 2 1 1 1 0 0 1 1 1 0 0 0 0 0 37 28 10 4 28 6 4 4 1 0
φ1680,22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0
φ972,12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9 6 1 0 6 0 0 0 0 0
φ972,32 12 11 8 4 4 2 2 1 1 1 2 1 0 1 0 0 0 54 42 17 9 42 6 6 9 3 1
φ1050,10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 7 1 0 7 0 0 0 0 0
φ1050,34 13 11 8 3 5 3 1 1 2 1 2 0 0 1 0 0 0 51 35 15 7 35 6 4 7 1 1
φ2100,20 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 21 7 2 0 7 0 0 0 0 0
φ1344,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0
φ1344,38 20 18 12 5 8 5 5 2 2 2 3 1 0 1 0 0 0 78 56 26 14 56 8 8 14 2 2
φ2688,20 5 4 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 48 28 8 2 28 2 1 2 0 0
φ1400,8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0
φ1400,32 13 10 6 2 3 3 1 0 0 1 1 0 0 0 0 0 0 50 28 12 4 28 6 2 4 1 0
φ1575,10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0
φ1575,34 9 7 4 1 2 2 1 0 0 0 0 0 0 0 0 0 0 45 21 9 3 21 1 1 3 0 0
φ3150,18 9 5 2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 48 21 6 0 21 4 1 0 0 0
φ2100,16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 7 0 0 0 0 0 0 0 0 0
φ2100,28 4 3 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 35 14 5 1 14 0 0 1 0 0
φ4200,18 10 8 4 1 1 0 0 0 0 0 0 0 0 0 0 0 0 82 49 14 3 49 3 3 3 0 0
φ2240,10 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0
φ2240,28 21 17 10 4 4 4 2 0 0 2 2 1 0 0 0 0 0 86 56 22 8 56 8 6 8 2 0
φ4480,16 9 6 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 64 28 8 0 28 2 1 0 0 0
φ2268,10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0
φ2268,30 15 12 6 2 3 2 2 0 0 1 1 0 0 0 0 0 0 72 42 17 6 42 6 3 6 0 0
φ4536,18 6 4 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 54 21 6 0 21 3 0 0 0 0
φ2835,14 6 3 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 39 21 5 0 21 3 1 0 0 0
φ2835,22 15 11 6 1 2 2 0 0 0 1 1 0 0 0 0 0 0 72 42 14 3 42 6 3 3 0 0
φ5670,18 6 4 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 63 21 6 0 21 0 0 0 0 0
φ3200,16 2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28 8 2 0 8 0 0 0 0 0
φ3200,22 12 10 5 1 2 1 1 0 0 0 1 0 0 0 0 0 0 84 56 18 6 56 4 4 6 0 0
φ4096,12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16 0 0 0 0 0 0 0 0 0
φ4096,26 20 16 8 2 4 2 2 0 0 0 1 0 0 0 0 0 0 112 64 24 8 64 8 4 8 0 0
φ4200,12 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 35 14 3 0 14 0 0 0 0 0
φ4200,24 24 18 9 2 4 3 1 0 0 1 2 0 0 0 0 0 0 117 70 25 7 70 10 5 7 0 0
φ6075,14 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 54 21 5 0 21 0 0 0 0 0
φ6075,22 15 11 6 1 2 1 0 0 0 0 0 0 0 0 0 0 0 108 48 16 3 48 3 1 3 0 0
φ8,1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ8,91 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 2 1 1 1 0 0 0 0 0 0
φ56,19 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ56,49 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ112,3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ112,63 7 6 5 3 4 4 3 2 2 2 2 1 1 1 0 1 0 14 7 6 4 0 4 2 0 0 0
φ160,7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ160,55 3 3 2 1 2 1 2 1 0 0 0 0 0 0 0 0 0 12 6 4 3 0 0 0 0 0 0
φ448,25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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L̂10 L̂11 L̂12 L̂13 L̂14 L̂15 L̂16 L̂17 L̂18 L̂19 L̂20 L̂21 L̂22 L̂23 L̂24 L̂25 L̂26 - - - - - - - - - -
Irrep label 3A2+
A1
A3+
A2+
2A1
2A3+
A1
D4+
A3
A5+
2A1
A5+
A2
D5+
2A1
D6+
A1
A7 2A4 A5+
A2+
A1
D5+
A3
E6+
A2
A7+
A1
E7+
A1
A8 D8 6A1 7A1 A3+
4A1
D4+
3A1
8A1 4A2 2A3+
2A1
D4+
4A1
2D4 D6+
2A1
φ400,7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1 0 0 0 0 0 0 0 0
φ400,43 10 9 7 4 4 4 2 1 2 2 2 1 0 1 0 1 0 28 14 10 4 0 4 4 0 0 0
φ448,9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ448,39 12 9 6 2 4 4 2 0 1 2 3 1 1 1 0 1 0 28 14 10 3 0 8 4 0 0 0
φ560,5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ560,47 15 13 9 5 7 5 5 2 2 2 3 1 1 1 0 0 0 42 21 15 8 0 8 4 0 0 0
φ1344,19 4 3 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 28 14 4 1 0 0 0 0 0 0
φ840,13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ840,31 5 4 2 1 1 1 1 0 0 0 0 0 0 0 0 0 0 28 14 6 3 0 0 0 0 0 0
φ1008,9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1008,39 9 8 5 2 3 2 2 1 0 0 1 0 0 0 0 0 0 42 21 11 6 0 4 2 0 0 0
φ2016,19 9 6 3 0 1 1 0 0 0 0 1 0 0 0 0 0 0 42 21 8 0 0 4 2 0 0 0
φ1296,13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1296,33 3 3 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 30 15 6 3 0 0 0 0 0 0
φ1400,11 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 14 7 1 0 0 0 0 0 0 0
φ1400,29 16 13 9 3 4 3 1 0 1 2 2 1 0 1 0 0 0 56 28 16 3 0 8 6 0 0 0
φ1400,7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ1400,37 20 17 11 4 7 5 4 1 1 2 3 1 0 1 0 0 0 70 35 21 9 0 8 6 0 0 0
φ2400,17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 14 7 1 0 0 0 0 0 0 0
φ2400,23 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 26 13 3 1 0 0 0 0 0 0
φ2800,13 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 14 7 0 0 0 0 0 0 0 0
φ2800,25 7 6 3 1 1 0 0 0 0 0 0 0 0 0 0 0 0 56 28 10 3 0 0 2 0 0 0
φ5600,19 6 4 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 70 35 8 2 0 0 0 0 0 0
φ3240,9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 12 6 0 0 0 0 0 0 0 0
φ3240,31 30 25 15 6 8 6 4 1 1 2 3 1 0 0 0 0 0 126 63 33 12 0 12 8 0 0 0
φ3360,13 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28 14 2 0 0 0 0 0 0 0
φ3360,25 15 12 6 1 3 2 1 0 0 0 1 0 0 0 0 0 0 84 42 18 4 0 4 4 0 0 0
φ7168,17 14 10 4 0 1 0 0 0 0 0 0 0 0 0 0 0 0 112 56 16 2 0 4 2 0 0 0
φ4096,11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16 8 0 0 0 0 0 0 0 0
φ4096,27 20 16 8 2 4 2 2 0 0 0 1 0 0 0 0 0 0 112 56 24 8 0 8 4 0 0 0
φ4200,15 7 4 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 56 28 6 1 0 4 0 0 0 0
φ4200,21 12 9 5 2 1 1 0 0 0 0 0 0 0 0 0 0 0 84 42 14 3 0 4 2 0 0 0
φ4536,13 3 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 42 21 3 0 0 0 0 0 0 0
φ4536,23 27 20 11 3 4 3 1 0 0 2 2 0 0 0 0 0 0 126 63 27 6 0 12 6 0 0 0
φ5600,15 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 42 21 3 0 0 0 0 0 0 0
φ5600,21 13 9 4 0 1 1 0 0 0 0 0 0 0 0 0 0 0 98 49 15 4 0 4 2 0 0 0
T
A
U
S
IG
N
A
T
U
R
E
S
A
N
D
C
H
A
R
A
C
T
E
R
S
O
F
W
E
Y
L
G
R
O
U
P
S
5
7
Appendix A. Characters and irreducible representations
This appendix contains data from [2] and GAP presented here for the reader’s convenience. We include tables only for G2, F4, and
E6. The E7 and E8 tables were too large to fit here; we direct an interested reader to the interface GAP3 for access to the E7 and E8
data.
In the tables below, for a given Weyl group G, we assume a fixed set of simple roots α1, . . . , αs. For readability reasons, we abbreviate
the reflection sαi as si.
A.1. G2.
Table 12:
Irreducible representation characters. Columns are labeled by con-
jugacy classes.
Conjugacy class #
Irrep label 1 2 3 4 5 6
φ1,6 1 −1 −1 1 1 1
φ′′1,3 1 −1 1 −1 1 −1
φ′1,3 1 1 −1 −1 1 −1
φ1,0 1 1 1 1 1 1
φ2,1 2 0 0 1 −1 −2
φ2,2 2 0 0 −1 −1 2
Table 13:
# Representative Class size Root subsystem label
1 id 1 0
2 s1 3 A
3
1
3 s2 3 A1
4 s2s1 2 G2
5 s2s1s2s1 2 A2
6 s1s2s1s2s1s2 1 A
3
1 +A1
A.2. F4.
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Table 14:
Irreducible representation characters. Columns are labeled by con-
jugacy classes.
Conjugacy class #
Irrep label 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
φ1,0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ′′1,12 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1
φ′1,12 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 1 1 1 1 1 −1 −1 −1 −1
φ1,24 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1
φ′′2,4 2 2 2 2 2 2 −1 −1 −1 −1 −1 2 2 −1 −1 2 0 0 0 0 0 0 0 0 0
φ′2,16 2 2 2 2 2 2 −1 −1 −1 −1 −1 −2 −2 1 1 −2 0 0 0 0 0 0 0 0 0
φ′2,4 2 2 2 −1 −1 2 2 2 −1 −1 −1 0 0 0 0 0 −2 −2 1 1 −2 0 0 0 0
φ′′2,16 4 4 4 −2 −2 4 −2 −2 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ4,8 9 9 1 0 0 −3 0 0 0 0 0 3 3 0 0 −1 3 3 0 0 −1 1 1 1 −1
φ9,2 2 2 2 −1 −1 2 2 2 −1 −1 −1 0 0 0 0 0 2 2 −1 −1 2 0 0 0 0
φ′′9,6 9 9 1 0 0 −3 0 0 0 0 0 3 3 0 0 −1 −3 −3 0 0 1 −1 −1 −1 1
φ′9,6 9 9 1 0 0 −3 0 0 0 0 0 −3 −3 0 0 1 3 3 0 0 −1 −1 −1 −1 1
φ9,10 9 9 1 0 0 −3 0 0 0 0 0 −3 −3 0 0 1 −3 −3 0 0 1 1 1 1 −1
φ′6,6 6 6 −2 0 0 2 0 0 3 3 −1 0 0 0 0 0 0 0 0 0 0 2 −2 −2 0
φ′′6,6 6 6 −2 0 0 2 0 0 3 3 −1 0 0 0 0 0 0 0 0 0 0 −2 2 2 0
φ12,4 12 12 −4 0 0 4 0 0 −3 −3 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
φ4,1 4 −4 0 1 −1 0 1 −1 −2 2 0 2 −2 −1 1 0 2 −2 −1 1 0 0 2 −2 0
φ′′4,7 4 −4 0 1 −1 0 1 −1 −2 2 0 2 −2 −1 1 0 −2 2 1 −1 0 0 −2 2 0
φ′4,7 4 −4 0 1 −1 0 1 −1 −2 2 0 −2 2 1 −1 0 2 −2 −1 1 0 0 −2 2 0
φ4,13 4 −4 0 1 −1 0 1 −1 −2 2 0 −2 2 1 −1 0 −2 2 1 −1 0 0 2 −2 0
φ′′8,3 8 −8 0 2 −2 0 −1 1 2 −2 0 4 −4 1 −1 0 0 0 0 0 0 0 0 0 0
φ′8,9 8 −8 0 2 −2 0 −1 1 2 −2 0 −4 4 −1 1 0 0 0 0 0 0 0 0 0 0
φ′8,3 8 −8 0 −1 1 0 2 −2 2 −2 0 0 0 0 0 0 4 −4 1 −1 0 0 0 0 0
φ′′8,9 8 −8 0 −1 1 0 2 −2 2 −2 0 0 0 0 0 0 −4 4 −1 1 0 0 0 0 0
φ16,5 16 −16 0 −2 2 0 −2 2 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Table 15:
# Representative Class size Root subsystem label
1 id 1
2 s1s2s1s3s2s1s3s2s3s4s3s2s1s3s2s3s4s3s2s1s3s2s3s4 1 4A1
3 s2s3s2s3 18 2A1
4 s2s1 32 A2
5 s2s3s2s3s4s3s2s1s3s4 32 D4
6 s3s2s4s3s2s1s3s2s4s3s2s1 12 D4(a1)
7 s4s3 32 A
2
2
8 s1s2s1s4s3s2s1s3s2s3 32 C3 +A1
9 s3s2s1s4s3s2s1s3s2s3s4s3s2s1s3s2 16 A2 +A
2
2
10 s3s2s4s3s2s1s3s2 16 F4(a1)
11 s4s3s2s1 96 F4
12 s1 12 A1
13 s2s3s2s3s4s3s2s3s4 12 3A1
14 s1s4s3 96 A
2
2 +A1
15 s4s3s2 96 C3
16 s2s3s2s1s3 72 A3
17 s3 12 A
2
1
18 s1s2s1s3s2s1s3s2s3 12 2A1 +A
2
1
19 s2s1s4 96 A2 +A
2
1
20 s3s2s1 96 B3
21 s2s4s3s2s3 72 B2 +A1
22 s1s3 72 A
2
1 +A1
23 s3s2 36 B2
24 s2s3s2s3s4s3s2s1s3s2s4s3s2s1 36 A3 +A
2
1
25 s2s4s3s2s1s3 144 B4
A.3. E6.
Table 16:
Irreducible representation characters. Columns are labeled by con-
jugacy classes.
Conjugacy class #
Irrep label 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
φ1,0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
φ1,36 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1
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φ10,9 10 −6 2 1 −2 4 2 −2 0 −3 0 0 2 1 −1 0 0 0 0 0 0 0 0 0 0
φ6,1 6 −2 2 −3 3 0 2 0 1 1 1 −2 −1 0 −1 4 0 −2 2 1 −2 0 0 −1 1
φ6,25 6 −2 2 −3 3 0 2 0 1 1 1 −2 −1 0 −1 −4 0 2 −2 −1 2 0 0 1 −1
φ20,10 20 4 −4 −7 2 2 4 0 0 1 −2 −2 2 −1 1 0 0 0 0 0 0 0 0 0 0
φ15,5 15 −1 −1 6 3 0 3 −1 0 2 −1 2 −1 0 0 5 −3 1 1 −1 2 0 −1 0 1
φ15,17 15 −1 −1 6 3 0 3 −1 0 2 −1 2 −1 0 0 −5 3 −1 −1 1 −2 0 1 0 −1
φ15,4 15 7 3 −3 0 3 −1 1 0 1 −2 1 0 0 −1 5 1 3 −1 2 −1 1 −1 0 0
φ15,16 15 7 3 −3 0 3 −1 1 0 1 −2 1 0 0 −1 −5 −1 −3 1 −2 1 −1 1 0 0
φ20,2 20 4 4 2 5 −1 0 0 0 −2 1 1 1 −1 0 10 2 2 2 1 1 −1 0 0 −1
φ20,20 20 4 4 2 5 −1 0 0 0 −2 1 1 1 −1 0 −10 −2 −2 −2 −1 −1 1 0 0 1
φ24,6 24 8 0 6 0 3 0 0 −1 2 2 −1 0 0 0 4 4 0 0 −2 1 1 0 −1 0
φ24,12 24 8 0 6 0 3 0 0 −1 2 2 −1 0 0 0 −4 −4 0 0 2 −1 −1 0 1 0
φ30,3 30 −10 2 3 3 3 −2 0 0 −1 −1 −1 −1 0 1 10 −2 −4 0 1 1 1 0 0 −1
φ30,15 30 −10 2 3 3 3 −2 0 0 −1 −1 −1 −1 0 1 −10 2 4 0 −1 −1 −1 0 0 1
φ60,8 60 12 4 −3 −6 0 4 0 0 −3 0 0 −2 0 1 0 0 0 0 0 0 0 0 0 0
φ80,7 80 −16 0 −10 −4 2 0 0 0 2 2 2 0 −1 0 0 0 0 0 0 0 0 0 0 0
φ90,8 90 −6 −6 9 0 0 2 2 0 −3 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0
φ60,5 60 −4 4 6 −3 −3 0 0 0 2 −1 −1 1 0 0 10 2 −2 −2 1 1 −1 0 0 1
φ60,11 60 −4 4 6 −3 −3 0 0 0 2 −1 −1 1 0 0 −10 −2 2 2 −1 −1 1 0 0 −1
φ64,4 64 0 0 −8 4 −2 0 0 −1 0 0 0 0 1 0 16 0 0 0 −2 −2 0 0 1 0
φ64,13 64 0 0 −8 4 −2 0 0 −1 0 0 0 0 1 0 −16 0 0 0 2 2 0 0 −1 0
φ81,6 81 9 −3 0 0 0 −3 −1 1 0 0 0 0 0 0 9 −3 3 −1 0 0 0 1 −1 0
φ81,10 81 9 −3 0 0 0 −3 −1 1 0 0 0 0 0 0 −9 3 −3 1 0 0 0 −1 1 0
Table 17:
# Representative Class size Root subsystem label
1 id 1 0
2 s2s3s4s2s3s4s5s4s2s3s4s5 45 4A1
3 s1s4 270 2A1
4 s1s3s1s4s2s3s1s4s5s4s2s3s1s4s3s5s6s5s4s2s3s4s5s6 80 3A2
5 s1s3 240 A2
6 s1s3s5s6 480 2A2
7 s3s4s2s3s4s5 540 D4(a1)
8 s1s4s3s6 3240 A3 +A1
9 s1s4s2s3 5184 A4
10 s1s2s3s1s5s4s6s5s4s2s3s4 720 E6(a2)
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11 s3s4s2s5 1440 D4
12 s1s2s3s4s2s3s4s6s5s4s2s3s4s5 1440 A5 +A1
13 s1s2s3s5 2160 A2 + 2A1
14 s1s3s4s2s3s4s5s6 5760 E6(a1)
15 s1s4s2s3s6s5 4320 E6
16 s1 36 A1
17 s1s4s6 540 3A1
18 s1s2s3s4s2s3s4s5s4s2s3s4s5 540 A3 + 2A1
19 s1s4s3 1620 A3
20 s1s2s3 1440 A2 +A1
21 s1s2s3s5s6 1440 2A2 +A1
22 s1s4s3s6s5 4320 A5
23 s1s3s4s2s5 6480 D5
24 s1s4s2s3s6 5184 A4 +A1
25 s1s4s2s5s4s2s3 4320 D5(a1)
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